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Lagrangian mechanics

Continuous: L(x(t), ẋ(t)) → ∂L
∂x
− d

dt

∂L
∂ẋ

= 0.

Discrete: Ldisc(xj−1, xj) → D2Ldisc(xj−1, xj) + D1Ldisc(xj , xj+1) = 0.

Variational integrator: Ldisc
(
x((t − h), x(t)) ≈ L(x(t), ẋ(t)).

Are modified equations for variational integrators Lagrangian?

Using Taylor expansion and the Euler-MacLaurin formula we find
Lmesh[x(t)], a formal power series in h which satisfies∫ b

a

Lmesh[x(t)] =
∑
j

Ldisc(x(jh), x(jh + h)).

meshed variational problem

Find critical curves of
∫ b

a
L[x(t)]dt in the set of

piecewise smooth curves that are consistent with a
mesh of size h.
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k-critical families of curves

A family of curves xh : [a, b]→ R is k-critical if δSh = O
(
hk+1 ‖δxh‖1

)
.

A family of admissible curves xh : [a, b]→ R is k-critical iff

δLh

δx
= O(hk+1) and

∂Lh

∂x (`)
= O(hk+`+1) ∀` ≥ 2.

Specifically for Lmesh:

δLmesh

δx
= O(hk+1) ⇒ ∂Lmesh

∂x (`)
= O(hk+`+1) ∀` ≥ 2.

Modified Lagrangian

Lmod(x , ẋ) := Lmesh[x ]
∣∣∣
ẍ = fh(x , ẋ), x (3) = d

dt fh(x , ẋ), . . .

where ẍ = fh(x , ẋ) is the modified equation.

Truncated mod eqn: ẍ = F 2
k (x , ẋ ; h) +O(hk+1), x (3) = F 3

k (x , ẋ ; h) +O(hk+1), . . .

Truncated mod Lagrangian: Lmod,k = Tk
(
Lmesh[x ]

∣∣∣
x (j)=F j

k−1(x,ẋ)

)
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The meshed modified Lagrangian Lmesh[x ] and the modified Lagrangian
Lmod,k(x , ẋ) have the same k-critical curves.

On (k − 1)-critical curves:

∂Lmod,k

∂x
=
∂Lmesh

∂x
+
∂Lmesh

∂ẍ

∂F 2
k (x , ẋ)

∂x
+
∂Lmesh

∂x (3)

∂F 3
k (x , ẋ)

∂x
+ . . .

∣∣∣∣
x (j)=F j

k−1(x,ẋ)

=
∂Lmesh

∂x
+O(hk+1),

∂Lmod,k

∂ẋ
=
∂Lmesh

∂ẋ
+O(hk+1),

hence
∂Lmod,k

∂x
− d

dt

∂Lmod,k

∂ẋ
=
∞∑
j=0

(−1)j
dj

dt j
∂Lmesh

∂x (j)
+O(hk+1).

Theorem
For a discrete Lagrangian Ldisc that is a consistent discretization of some L, the
k-th truncation of the Euler-Lagrange equation of Lmod,k(x , ẋ) is the k-th
truncation of the modified equation.
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