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Lagrangian mechanics

oc aoc_
Ox dtdx
Discrete:  Laisc(Xj—1,%)) —  Dalaisc(Xj—1,%;) + D1Laisc(xj, Xj+1) = 0.

Continuous:  L(x(t), x(t))

Variational integrator:  Laisc (x((t — h),x(t)) =~  L(x(t), x(t)).

Are modified equations for variational integrators Lagrangian?

Using Taylor expansion and the Euler-MacLaurin formula we find

Lumesh[x(t)], a formal power series in h which satisfies
X

b
/ Laea (0] = 3 Lase(xUR), x(h -+ ).

meshed variational problem

Find critical curves of fab L[x(t)] dt in the set of
piecewise smooth curves that are consistent with a
mesh of size h.
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k-critical families of curves
A family of curves x; : [a, b] — R is k-critical if 65, = O (A< ||6x4]|1).

A family of admissible curves x;, : [a, b] — R is k-critical iff

oL oL
Txh = O(h*1)  and 3x(5) = O(K) e > 2,
Specifically for Lyesh:
6£mesh k+1 8[/mesh k+0+1
o o) ox@ =~ o) ez 2.

Modified Lagrangian

Lmo X, X) = Lesh[X]] .. g .
alx:%) bl ]‘x = fa(x, %), x® = &£ (x,%), ...

where X = f,(x, x) is the modified equation.
Truncated mod eqn: X = F2(x, %; h) + O(h*1), xB) = F3(x, x; h) + O(hk+1), ...

Truncated mod Lagrangian: Lyod .k = ﬁ(ﬁmesh[x]’ o >
xD=F, _,(x,%)

Mats Vermeeren (TU Berlin) Modified equations for variational integrators: March 24, 2016 2/3



The meshed modified Lagrangian Lesn[x] and the modified Lagrangian
Lumod k(x, x) have the same k-critical curves.

On (k — 1)-critical curves:
(“)Emod’k . &Cmesh 8£mesh 8Fk (X X) + 8£mesh aFk (X X)

Ox Ox Ox Ox oxB) Ox o

:Fi_1(xv>.()
0L mesh B
_ es h +1
Ox +O( ),
OLmod,k  OLmesh B
od,k _ es h +1
ox ax O
hence

aﬁmod k d 6ﬁmod k i i dj 6£mesh
) ) — (_1

ox  dt  0x de oxU)

+ O(h).

j:
Theorem

For a discrete Lagrangian Lgisc that is a consistent discretization of some L, the
k-th truncation of the Euler-Lagrange equation of Lo k(X, X) is the k-th
truncation of the modified equation.
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