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�3� Differential geometry ,
connections and parallel transport .

Connection : Jpg = fig : Xtlllx HIM ) HIM )

' ¥

:C
qflig = QC fig ) ,

fD@g| = fkxgtoflfbg )
, 9eF( le )

€ : Standard connection
on th

"
:

lfisgl 'iI¥io¥xi
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Parallel

transportj÷÷i¥n#totalHHEM 8101=4 .

Y°

Parallel transport pullback :

4¥ 'lg1l%l:= ttjiglhti )
Par .thansp⇒ connection

fDg=Fth=o4t¥G



�5� Connection ⇒ parallel transport

Fettig = The
"

fog
⇒
f÷nµq*yg = fitikfo... itDg ) ) )

⇒ 4¥ (g) = get tfDgt¥fDlfDg1t¥
, .fi#itfp.g) ) + . . .

Ifwe can extend D to higher order diff . operators
such that filfdf ) = ( fxflbf then

TEA g= of ttfpgttflfxfldgt . . .  = exp 'Ytf ) . g
exp

" ( tfl =D ttf -1¥ fxf -1¥
,

fxfxf  + . -



�6� Curvature tensor R : HCUIAHHM) End

; - acobi

If
fD§Dh ) =(fxg)Dh ( extension of D) brgagket

.

then fD(gth) -

gDtfDh)=(f*g*g&flDh=ffgIDh

.

R(fg|h := fD(gDh ) - GDHDHI - Et ,gIDh

+7€
Extension of i> to UCHMH

>
is only possible iff[¢ CflatthionmeotioyEmits

Rltglh



70 Curvature and torsion

R( f ,g)h÷ fD§Dh ) - gilfbhl - ff ,gIDh

Tlfg ) := fig . gDf - ft ,gI= :-[ f ,g ]

RH ,g)h - TH ,g)Dh=AH,G,hI - alg ,f,h|= :( f ,g ,h )

Alf ,g .tn/=fDlgDh)ffsg)tsh
- triple
tassociator bracket

.



�8� Nomitu 's Classification of invariant connections ( 195941

TT=o
Prelie :

Euclidean Lie groups ( fig ,h)=O .Pit
space

Cgndonhsdeeinies
)

PraehgieebraPostliedg
. Pattie

D= - TH ,y1 LieSymmetric Reductive
TR=o space

homogeneous
( fig ,h)=[f,g]Dh

Postlietriple space fisff ,h]=[ fog ,h]tQgh]
algebra

.



�9� Series expansions in D and RK . methods

haseko( Pre / post Lie )

Tt ,p*g= expsiltflbg
Two associative products : fig , fig : = fxg - fig
Two flow maps : exp

" ( tf ) °

.
Exact solution

exp
. It f) : Geodesic

.

I Eulers method
.

Fundamental problem : Approximate exp 't with exp
.

1Pd: Ki  = exjtzaijkj) Df
,

i=1
. . . s

j
IXnffl :=exp°(Eb ; Kj )

j

fm Xndtl has an expansion in is (Both.Bj )



@ treealgebras (
"

Generic
"

algebras ) .

Free Prehie : Trees with grafting
We { = %I%a + iii.

Free Post lie lie algebra of ordered trees wlleft grafting

Lie ( OT )={ .

,
1

,
air ]

, .
. "

, t.t.fr; ...}l*
I is V = kv+ fax +!g



10 Lie triple systems ( LTS )
[ x ,y ) : Lie ⇒ [ × ,y,Z]:=[[ × ,y],Z ] is LTS '

,

Definition S :

felt
,
[ x

, y ,z ] ) where :

C i ) [ x ,y,Z ] is trilinear on A
di ) [ x , y ,z]=[ y.dz ]
Ciii ) [ x

, y ,
Z ]+[ y ,Z , ×]t[ Z

,
×

, y ] to

( iv ) [ × ,y , [ 2.4 ,v]]=¢x,y,z]
,
le,Dt[z,[ x.y.ie ] ]

tfzu ,[ x.y.tt ]

LTS describes TM for Asymmetric space .

example

:sph€yh§j¥€s>$s
*'93=××Y



@ Post Lietriple algebra ( MK - fallesdall .

Definition : Plt ( A ,
D ) is pltr if

( x ,y,z ) := Alx , y.tl - aly ,x,z I

is a LTS
, aid

XD ( Y ,Z ,
t ) = ( xiy , Ft ) c- ( y

, ×D¥
- ( Yzxist )

& The canonical connection on a symmetric k

• space is a plts •

( But does this definition capture all essential info?)



@
Theorem :

Free pltr algebra = LTSCT )

( Free Lie triple system over fun.ordered trees)

Construction :

LTSH ) = odd commentators in Lie ( T )

Counting graded components ? ttormulanot known.|



@
Why is free Posttielriple = LTSCT ) ?

( fig ,
h ) = Alf

, g ,
h ) - alg ,

f
, h )

Consider left grafting on 0¥ trees :

alf
, g.tn/=fDlgDh1tfDg/Dh= To§

We can re . order branches
at the cost of producing

( fig ,
h ) = BY -

%f triple brackets
. By

rewriting we identify
n quotient by

LTSCT )



@ Klein geometries and Post Lie algebras

< § ( closed Lie subgroup )

H - G- M=G1#
, M={gH }

/ T thomogeneous
spacefibre Principal H . bundle( isotropy) .

Lett Maurer . Cartan form : N : TG - of GVKSV
lily ( Su )=V for all Veh ( Liealy . of H )

C ii ) Rh*N=AdhtN ford he H

did dzttln ,n]=o ( flat captain connection )



@ Homogeneous manifolds have two different post Lie algebras

Standard formulation LGI on M=G/H :

f : M ay ⇒ Fly ) = fly ) .Y
,
Fe HM )

f g = FCg) ie
. ( (fDgH1=¥/ § lexpltfkb.pl )

[ f
, g) ( p ) = [ flpl

, GGBG

post Lie
.

The standard formulation is bad geometrically ,

especially for symmetric spaces .



160
Alternative formulation : C Cartan view )
f : G - of st flghl = Adr , flg )
f FEHIM )

,

"

where
FCGHI = ftp.eh.expttflghl

) A

fist:=F( It post Lie
[ f.fr] := - [fifty



�7� Symmetric space Tc
, -7g .tn#k

of = Kok t¥Tµlhhkk
"

It
[h

,
hick

M F

[k,k]ckr
Advantage of alternative formulation :

f : G of splits f=f++f .

f
+
: G h

, f- :C , k
Invariant under parallel transport .



@
Them Let (P

,
is

,

C ;] ) be post lie

and P =P
. @P+ a splitting at .

[ Pt,P+]cP+
,
[ P+ ,P . ]cE

,
[ P

. ,P .
]cP+

and furthermore
IDP

.
EP

.

f+Df
.

= [ ft ,
f- ]

Then ( p
,
D) is Post Lie Triple



170

TIM . Tf { P
,
D.C.

,
) } is Postlie then

fag = fDg+[ Ag] is also post Lie and

flxg = fDg+£ is postlie Triple

( Cfr
.

0
,

+
,

- Carlan - Schouten brackets )



�8� Concluding remarks

• We have new geometric integrators on
Symmetric spaces based on parallel transport
in canonical connection (

"

Levi civoha
" )

• pre Lie ⇒ Butcher group w/ parallel transport .

• post Lie ⇒ Lie Butcher group w/ parallel
transport .

• post Lie + in vdukre Auto Morphis an ⇒ plts
. plts ⇒ Posttlietinuol

. ant
.

This shows that plts captures all essential info!

• Software package is being written ( Haskell ) .

post Lie
, pre Lie ,

postlietviple


