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Preliminaries

Nonlinear Schrédinger equation with homogeneous

Dirichlet boundary conditions

u(x, t) = i(Au(x, t) + f(Ju(x, t)[?)u(x, t)) real and smooth f
u(x,0) = up(x), x € [a, b],
u(a,t) =u(b,t) =0, te[0, T].

Example: Finite-difference 2nd-order scheme for space discretization

-2 1 0
T -2 1 w(a+ h)
Ah,o:# 0 1 _2 . 0 , Phw—|: ], h:b;Na
) ) w(b — h)
0- 1. -2
. ) ) u(a+ h,t)
R
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Preliminaries

Nonlinear Schrédinger equation with periodic

boundary conditions

ur(x, t) = i(Au(x, t) + f(lu(x, 1)[?)u(x, 1), x € ][a,b],
u(x,0) = up(x)

u(a,t) = u(b,t)

ux(a, t) = ux(b,t).

Example: Pseudospectral space discretization:

Ano = Fy 'diag(— (% ”a) | )/— ! Fn, Fn: discrete Fourier transform, h = %
) u(a+ h,t)
Un )
Un(0) ’

i(AnoUn + f(|Un| 2).Un), N
Phto, Un(t) =~

u(b— h, t)
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Strang method

ur = iAu

Blseeli ety { ur = if(Jul?)u — |u| is invariant by time

Weideman & Herbst (SIAM, 1986)
G|u? = uly + ud = —if(|u|?)ut + if(Ju|?)ud = 0.

Each part can be solved as linear
After space discretization
U,’,’“ _ egiDgy,,ekiAh,oegiDh,,Ug
D » = diag(f(|U51-2)),

Do p = diag(f(IWI2), Wy = e#roesiPinyp
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Preliminaries

Numerical result with 2nd order finite-differences

f(x) = 8x, [a, b] = [-50,50], u(x, t) = e''sech(x)

10°

1+3sech(x)?(ef—1)

1-3sech(x)*sin(41)2

—
+ : Local error
o : Global error till time T = 1
k 5x 1072 [ 25x 102 [ 1.25 x 102
Local order 3.41 3.10
Global order 1.68 1.99
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Preliminaries

Numer. result with pseudospectral space discret.

1+3sech(x)?(ef—1)

f(x) = 8x, [a, b] = [-50,50], u(x, t) = e''sech(x)

1-3sech(x)*sin(41)2

107

+ : Local error *
o : Global error till time T = 1
k 5x103 [ 25x103 [ 1.25x 103
Local order 3.00 3.00 N = 2000
Global order 1.98 2.00
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Preliminaries

Non-homog. Dirichlet bound. cond.

If we first integrate in space and then in time:
Un(t) = iAnoUn(t) + iChg(t) + if(|Un|.2).Un

Example — 2nd-order symmetric FD

-2 1 0
9a(t)
1 -2 1 0
A ! : Cha(t) = -
ho = 5 0 ] 5 = G 5 ng()—ﬁ :
0
. . 1 9b(t)
0 1 -2

As Strang method applied to U = AU + AU + F(t) leads to

U’r17+1 — e%A1 e%AZ(egAZe%A1 U,r,' + kF(tn ol g))y
In our case, UJ*' = e32nes"no(e2 00310 U + ikChg(th + &),
Dx,, = diag(f(|U7|.2)),
Doy = diag(f(|W5|2), Wi = o (et Mot 1 ikCag(ta + 1)
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Preliminaries

Non-homog. Dirichlet bound. cond.

As we will see later, the results for

1+ 2sech(x)?(e®t — 1)
— 3sech(x)*sin(4t)2 '

f(x) = 8x, u(x, t) = e"sech(x) [a, b] = [0, 1]

are very poor!!

Source of error:

Chg can take very big values and does not correspond to the values of
any continuous function on [a, b] J
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Preliminaries

Non-homog. Dirichlet bound. cond.

Another possibility: Considering
AZ(X, t):o7 X e [aab]’ z(a, t):ga(t)’ Z(b, t):gb(t)v
RK methods in linear problems (Calvo & Palencia (1997))

Splitting meths in diff-react prs (Einkemmer & Ostermann (2015))
Then, forw = u — z,
W = iAW — z + if(jw + z[*)(w + 2),
w(x,0) = Up(x) — z(x,0), x€[abl, w(at)=w(b,t)=0.
" wy = iAW + if(|z]?)z — z,
BEEIMPSHION | o e L S 2 )
Drawbacks:

@ In more dimensions, z and z; must be numerically calculated

@ The linear eqgn is not so directly solvable because of a source term
© |w + z|? is not an invariant of the second equation any more
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Technique to tackle non-homogeneous Dirichlet b.c.

Our suggestion

From u",
(1) Integrate in time, with appropiate boundary values, the
decomposition of
ur = iAu + if(Ju?)u,

o Let v/ ;
Y9 = IS () w )+ it Pt
o Let w/
w(s) = iAw(s),
w() = v(z),
ow(s) = o[v(s )+SIAV( )]
~ Ofu(t) + Kif(u(tn)R)u(ta) + SiBu(ta)]:
2(s) = /f(IW(k)\ )z(s).
o Let Z/{ 2(0) = w(k)
o uM! = Z(g)
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Technique to tackle non-homogeneous Dirichlet b.c.
Boundary of w can be calculated in terms of data

i0AU(th) = Our(tn) — if(|u(tn)*)u(t)] = Gi(tn) — if(19(t)|*)g(tn). |

However, higher order terms of asymptotic expansions cannot be
calculated since

2
S~ ult)+ S P)u(te) — 5 At PPu(tn),
2
ow(s) = a[v(g)-i-siAv(g)—%sz(g)]

k. 2 K? 2y2
~  Olu(tn) + if(Ju(ta))u(tn) — = F(lu(t)|")"u(tn)
. sk s 2,
+siAu(tn) — ?A(f(|u(tn)| Ju(th)) — ?A u(tn)].

All terms can be calculated except for A (f(|u(t,)|?)u(t,)) and
d(A2u(ty)) at the same time.
onu(tn) = OliAu(te) + IA(F(|u(tn)?)u(tn))]
= —igeltn) — SHIIOPIIOli=p
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Technique to tackle non-homogeneous Dirichlet b.c.

Our suggestion

(2) Integrate in space each above problem. Considering
U9 = Pnu(0), from each U,

o U= V() = e2/diBIUUUTI2N yp,

. { Wa(s) = iAnoWna(s) + iCrdlu(tn) + &1(|u(ta)P)u(th)) + sidu(t)]
Wh(0) = W,
. PR & : k
Wy = Wi(k)=e"ol,+i / e'(k*sﬂmocha[u(tnw§f(|u(tn)\2)u(tn))+siAu(tn)]ds
0

W ot o ) k . )
"m0 Uy + ik (ikAno) Crd[u(ts) + éf(\u(tn)F)u(tn)] — k2o (ikAno) ChdAU(th),

. =1
where ;(itAno) = & i €7 0Ty, > 1.

_ &1 _ p1(@—1 _ f-1—
p1(2) =, wo(2)= 22— = ==

z 72

o Uyt =2, = Zy(k) = e/2da000W1I 5 .
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Technique to tackle non-homogeneous Dirichlet b.c.

Remarks on o1 (ikAno) and ¢z (ikAno)

e The information on the boundary enters at each step through
multiplication by these matrices

o For fixed stepsize k, they can be calculated once and for all at
the very beginning.

e For 2nd-order symmetric FD, Cpg is a vector which just has 2
non-vanishing components =- Just the first and last column of
@j(ikAno) are in fact necessary.

e For fixed stepsize k and 2nd-order FD, once those two columns
are calculated at the very beginning, just a suitable linear
combination of those two columns must be added to the method
at each step with this procedure.

B. Cano, N. Reguera (2016) March 2016 16/30



Technique to tackle non-homogeneous Dirichlet b.c.

Numer. result avoiding and without avoiding O. R.

f(x) = 8x,[a, b] = [0, 1], u(x, ) = e''sech(x)

10"

10° |
107k
10°F

107}

ERROR

e

10

10°
K

107

1+ 3sech(x)? (¥ —1)
1—3sech(x) sin(4)2

+ : Local error without avoiding order reduction
o : Global error till time T = 1 without avoiding order reduction
+ : Local error avoiding order reduction
o : Global error till time T = 1 avoiding order reduction
k 6.25x 103 [ 3125 x 103 | 1.5625 x 103 | 7.8125 x 10— 4
Local order 2.26 2.26 2.27
Global order 2.47 2.31 2.40
h=25x10"3
B. Cano, N. Reguera (2016) March 2016
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Technique to tackle non-homogeneous Dirichlet b.c.
Local error

Local error of the time discretization: Whenever
u e C([0, T], H*([a, b]), f(lul*)u € C([0, T], H*([a, b)),
f(Jul?)?u € C([0, T], L?([a, b)),

pst = [|U(tas1) = T 2(ap) = O(K?). )

Local error after full discretization: Whenever f is locally Lipschitz
continuous, &2/ 1U® u, A(f(|u|?)u), A%u exist and belong to
C([0, T], H*([a, b])), for 2nd-order symmetric FD,

1
prvth = Pat(tnst) = Up ' lliz(ap) = OK? + kh?). J

In our experiments, kh? is negligible compared to k2.
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Technique to tackle non-homogeneous Dirichlet b.c.
Idea of the proof

o Letv/ V(

w(
o Letw/ w(0)
ow(s)

WB( U(tn

o Let Z/{ i(s) -

o UM =Z(%)

B. Cano, N. Reguera (2016)

= if(|u(ta)[?)V(s), }V(g) — e5HumP) (1)

iIAwW(s),
v(k) = 3 (ut)I?) (1),
ow(s) = dwg(s)

Kif(lu(tn)lz) u(tn) + siAu(tn)

March 2016 19/30



Technique to tackle non-homogeneous Dirichlet b.c.

Idea of the proof

W(s) —wg(s) = IiAW(S) —iAu(ty) = iA(W(S) — we(s)) + iA(we(s) — u(tn))
= IA(W(s) — wa(s)) - gA(f(\U(in)lz)U(fn) — sA2u(ty)
w(0) —wr(0) = O(K?)
o[w(s) —wg(s)] = O
Through variation-of-constants formula
W(s) — wg(s) = €20 0(K?) — k;w (kDo) A(f(lu(t) ) u(tn)) — kP pa(ik Do) A2u(tn),

where

Ao: Laplacian operator applied over functions which vanish on the boundary
e*Po 41 (ikDo), p2(ik Ao): well-known to be bounded operators

=>wk) = u(t)+ 5/f(|u(tn)|2)u(tn) + kiAu(t,) + O(k?)
gt = ( ) — ¢t <|W(k)‘2>W(k)

= (tn) + kif (Ju(t:)|P)u(tn) + kiAu(ty) +O(k2) = t(try1) + O(K>).
B. Cano, N. Reguera (2016) March 2016 20/30



Technique to tackle non-homogeneous Dirichlet b.c.

Global error after full discretization

Classical argument for global error — Order 1

Under more assumptions of regularity, — Order 2
using

n—1
||kIAO Z elrkAOUHL2(Q) < THUHHZ(Q).

r=1

G. Dujardin (APNUM, 2009)
@ a summation-by-parts argument (A, pn = O(k®))
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Conserving symmetry

Is symmetry lost with this technique?

When looking at time discretization, the suggested values for the
boundary of w are based on asymptotic expansions of v( ) on t,. If
we want to preserve symmetry, when integrating backwards from t,.4,
that boundary should be the same.

We can try to approximate o[v(%) + siAv(g)] through values of the
solutionont 1 = t, + §:

l\)

u(tn) + gif(|u(tn)|2)u(tn) + O(k?)

Q

V()
= Uty ) - ’2‘/Au( 1)+ O(K?)
Av(g) ~ Au(t)) = Au(t,, ) + O(K)
Therefore, we suggest ow(s) = 0[u(tn+%) +(s-— g)iAu(t,H%)]

Both terms can also be calculated in terms_of data!!

B. Cano, N. Reguera (2016) March 2016 23/30



Conserving symmetry
Proof of symmetry

Starting from u™ 1= e IWOP) (k) — |u™1| = |w(k)|, and
advancing —k, we arrive at u”

0 { gg(s);zZEMHFW(S)’ \7(7%):efigf(\u”“\z)eigf(\w(kﬂz)w(k): W(k)
w(s) = iAW(s),

. w(0) = w(k),
ow(s) = Ou(t, 1)+ (s+K)iru(t,, )]

They satisfy the same equation

Same value at s = 0 — w(0) = w(k),

Same boundary — dw(s + k) = d[u(t,, 1) + (s + §)idu(t, ;)]
= ow(s).

B. Cano, N. Reguera (2016) March 2016 24 /30



Conserving symmetry
Proof of symmetry

& :-f~_k2~ s -
) { igggz'w(('ivﬁ) :)lw)(f)()s) 2(-5) = e~z IMONw(0)

As w(0) = v(§), (3) = @41 PIu” v (5)] = |u"),

2(_’%) :e—igf(|v(§)|2)v(g) — e iU @i S HIU" ) yn — 0

Symmetry is proved!

B. Cano, N. Reguera (2016) March 2016 25/30



Conserving symmetry

Is symmetry also conserved exactly after space

discretization?

Starting from U+ = /541890 Wh)I#) [, and advancing with stepsize
—k, do we arrive at Uj?

v, = \7,7(,5) = g~ 5idiag((IW}1%) g3 idiag(r(1 W7 1.2) giyn — iy
2 b
5 ~ ey , -k
Wy = Wh(—k)=e "n0W,—ikpi(—ikAno)Cholu(t,, 1)+ i-Au(t  1)]
) n+2 2 n 3

—k2<p2(—ikAh,0)chaAu(tn+%)
. NN k
_ —ikA, KA, : . p .
— g KAno [e’ h,0 Vh+lk4p1 (’kAh,O)Chd[u(t,pr%) = IEAU(thr%)]
— k2o (ikAn,0) CrOAU(t, " )]
. . -k .
—Ing1 (—IkAh’o)Cha[U(thr%) + IEAU(thr%)] — k2g02(—lkAh7o)Ch8AU(tn+%)
= Un+ ik[e™ 001 (ikAp o) — 1 (~ikAno)ChOU(t,. 1)

1, , . _f . .
+k2[§(9 40001 (ikAn,0) + ©1(—ikAn0)) — &~ 0005 (ikAp o) — p2(~ikAn,0)]ChOAU(t,, 1)
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Conserving symmetry

Is symmetry also conserved exactly after space

discretization?

Coeffs of k and k2 vanish

e —1 1—e % p1(2) =1 _
g = @1(—2);i w2(2) = ————— e Zp(2) =
z z z z

ke ?p1(2) — p1(~2) = 0;
K (67%01(2) + 91(-2)) — e Z2(2) — e2(~2)

— — e Z — —
pir(z2)—e* ezt _
z z

=op1(-2) -

Wh = \A//-,
Z o—sdiag(f( | ) W, — e-75d1ag( %l ), — up

V, = e/8di2gUIUI2 ) yn = |7, = U7
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Possible future research

Quantative possible benefits of symmetry

e From a qualitative point of view, with symmetry, reversibility of
equation is conserved

e But, how symmetry can benefit in a quantitative way the
integration of the problem?
* For ODEs, PDEs with periodic or homogeneous boundary
conditions, symmetry = better quantitative behaviour in the long
term
Good approximation of conserved quantities is observed
Calvo & Hairer (1995) — one-step methods integrating Hamiltonian ODEs
Cano & Sanz-Serna (1997) — one-step methods integrating periodic orbits of ODEs
Cano & Sanz-Serna (1998) — multistep methods integrating periodic orbits of ODEs
Cano & Duran (2003) — adaptive multistep methods integrating periodic orbits of ODEs

Hairer & Lubich (2004) — multistep methods integrating Hamiltonian ODEs
Cano (2013) — multistep cosine methods integrating nonlinear wave eqgns with period. b.c.

* For PDEs with non-homogeneous boundary conditions, the
continuous problem does not conserve those quantities any more.
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Possible future research

Error growth in the problem at hand

1+2sech(x)?(ef-1)

f(x) = 8x,[a, b] = [0,1], u(x, ) = e”sech(x)m

107

ERROR

10%F

107

10° 10
TIME

— : Global error with non-symmetric technique to avoid O. R.
— : Global error with symmetric technique to avoid O. R.

k =3.125 x 10-3,1.5625 x 10-3,7.8125 x 10~4,  h=2.5 x 10~3
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