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The Mathematical Problem

The numerical integration of the time-dependent linear matrix
differential equation

i
d
dt

u(t) = H(t) u(t), u(0) = u0 ∈ Cd (1)

t ∈ [0,T ], d � 1, and H(t) a Hermitian (usually dense) matrix.

Only vector-matrix products, H(ti)v , are allowed.

Cost
(

H(t1)v
)

similar to Cost
(

(αH(t1) + βH(t2))v
)

.

1 H(t) is a complex Hermitian matrix
2 H(t) is a real symmetric matrix
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The Goal

The numerical integration of the time-dependent
Schrödinger Equationt (~ = 1)

i
∂

∂t
ψ(x , t) = − 1

2µ
∇2ψ(x , t) + V (x , t)ψ(x , t)

ψ(x ,0) = ψ0(x), x ∈ RD, t ∈ [0,T ]. After spatial
discretisation one gets the case in which H(t) is real.

A quantum two-level system can be written down in the
form

H(t) =

(
ω(t) C(t)

C∗(t) −ω(t)

)
where ω(t) is a real function and C(t) is, in general, a
complex function of t .
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Frequently used method

The exponential midpoint method to advance from tn to
tn+1 = tn + h

un+1 = e−ihH(tn+ h
2 )un

One has to approximate the action of the exponential on a
vector (Krylov, Chebyshev, splitting, Taylor, . . .).

Unfortunately, it is at most second order in h.

More efficient methods to reach high accuracy?
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Methods for the non-autonomous case

I) H(t) is a complex Hermitian matrix



Methods for the non-autonomous case
The (t , t ′) method

i) Time as a new independent variable: the (t , t ′) method

Peskin, Kosloff and Moiseyev (93-94)

i
∂

∂t
ψ(x , t ′, t) = H(x , t ′)ψ(x , t ′, t),

where
H(x , t ′) = Ĥ(x , t ′)− i

∂

∂t ′

and then standard methods for the autonomous case can be
used with very large time steps.

Main trouble: the linear system to be solved is of a higher
dimension, making the algorithms computationally very costly.
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Methods for the non-autonomous case
Unitary splitting methods

ii) Time as one dependent variable.

i
d
dt

u = H(t) u

is equivalent to (U = (u,ut ) ∈ Cd+1)

U ′ =
d
dt

{
u
ut

}
=

{
−iH(ut ) u

0

}
+

{
0
1

}
= A(U) + B(U)

un+1 =
m∏

j=1

e−i aj h H(tn+cj h) un,

{aj ,bj}mj=1 splitting method (cj =
∑j

k=1 bk ). Efficient methods:
4th-order (m = 6); 6th-order (m = 10).
Complex coefficients: aj ∈ C,bj ∈ R
4th-order (m = 4); 6th-order (m = 16).
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Methods for the non-autonomous case
Magnus integrators

iii) Time as a parameter to average on each time step

u(t) = eΩ(t ,tn)u(tn), Ω(tn, tn) = 0

Ω(t , tn) =
∑∞

k=1 Ωk (t , tn). It involve multiple integrals of linear
combinations of nested commutators of A = −iH. For example

Ω[4] = B1 + [B2,B3], with Bi = h
K∑

j=1

ai,jA(tn + cjτ)

(Ω[r ] = Ω +O(hr+1)) so that Ω[4]u = v1 + (v4 − v5) with

v1 = B1u, v2 = B2u, v3 = B3u, v4 = B2v3, v5 = B3v2,

Ω[6]u involves at least 13 products.
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Methods for the non-autonomous case
Commutator-free integrators

iii) Time as a parameter to average on each time step.

un+1 = eBm · · · eB1 un, Bj = h
K∑

k=1

ajk A(tn + ckh),

ck ∈ R are suitable nodes and ajk appropriate coefficients.
m = 2: order 4.
m = 5: order 6 (with real BUT NEGATIVE coefficients ajk ).
m = 3: order 5 (with complex coefficients ajk ).
m = 4: order 6 (with complex coefficients ajk ).

m = 5: order 6 with one commutator ([B3,1,B3,2] = O(h3))

un+1 = eB5 eB4 e[B3,1,B3,2] eB2 eB1 un

(real POSTIVE coefficients ajk ).
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The Rosen–Zener model

The Hamiltonian in terms of Pauli matrices is given by

H(t) =
1
2
ωσ3 + V (t)σ1

and in the interaction picture

HI(t) = cos(ωt)V (t) σ1 − sin(ωt)V (t) σ2 ∈ C2×2

A Rosen–Zener model with dissipation of dimension n = 2k :

HI(t) = f1(t) σ1 ⊗ Ik + f2(t) σ2 ⊗ Rk + δDn.

with Dn = i × diag{−1,−4, . . . ,−n2}, Rn = tridiag{1,0,1},

f1(t) =
V0 cos(ωt)
cosh(t/T )

, f2(t) = −V0 sin(ωt)
cosh(t/T )

, δ > 0,

T = 1, t ∈ [−5T ,5T ], n = 10.



Example 1:
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solid lines: 3-exp 5th-order with complex coefs.
dashed lines: 6-exp 6th-order with real coefs.
Taylor of order 4 (circles), 6 (squares) and 8 (stars)
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Example 1: with dissipation
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II:H(t) is a real symmetric matrix



The autonomous case

i
d
dt

u = H u ⇒ u(T ) = e−i T Hu(0)

where u ∈ Cd and H ∈ Rd×d is a real and symmetric matrix.

Formally, the problem to solve is

i
du
dt

= P−1


E0

E1
. . .

Ed−1

Pu = Hu

which is just a set of d harmonic oscillators
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Taylor method of order m (u = q + ip){
qT
pT
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Horner’s algorithm for the Taylor method:

y0 = u0
do k = 1,m

yk = u0 − i Tβ
m+1−k H̃yk−1

enddo
wT = ym

Clenshaw algorithm for Chebyshev (ck = (−i)kJk (T β)):

dm+2 = 0, dm+1 = 0
do k = m,0

dk = cku0 + 2H̃dk+1 − dk+2
enddo
wC ≡ PC

m−1(TβH̃) u0 = d0 − d2

Splitting Symplectic methods:

do k = 1,m
q := q + akTβH̃p
p := p − bkTβH̃q

enddo
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M(θ/m)
m m βτmax y∗/m ε(θ) µ(θ) ν(θ)

M(0.5)
10 10 5 0.63 3.6× 10−8 8.7× 10−11 9.8× 10−8

M(0.9)
10 10 9 0.94 3.4× 10−5 2.9× 10−5 1.1× 10−5

M(0.6)
20 20 12 0.79 1.6× 10−13 1.4× 10−13 5.8× 10−14

M(1)
20 20 20 1.1 4.1× 10−7 1.8× 10−8 4.8× 10−7

M(0.75)
30 30 22.5 0.84 8.1× 10−15 3.3× 10−16 1.5× 10−14

M(1)
30 30 30 1.0 4.1× 10−10 1.9× 10−10 3.1× 10−10

M(1.3)
30 30 39 1.36 2.3× 10−5 5.2× 10−6 2.2× 10−5

M(1)
40 40 40 1.1 1.8× 10−12 4.9× 10−14 2.4× 10−12

M(1.2)
40 40 48 1.26 2.1× 10−8 2.1× 10−8 5.3× 10−10

M(1.4)
40 40 56 1.48 1.48× 10−5 4.0× 10−6 1.7× 10−5

M(1)
50 50 50 1.07 4.5× 10−15 4.5× 10−15 2.0× 10−17

M(1.1)
50 50 55 1.13 4.5× 10−13 4.2× 10−13 4.1× 10−14

M(1.2)
50 50 60 1.26 5.4× 10−11 2.7× 10−11 3.8× 10−11

M(1.3)a
50 50 65 1.32 1.2× 10−8 1.2× 10−8 8.3× 10−10

M(1.3)b
50 50 65 1.32 5.9× 10−7 9.5× 10−11 6.1× 10−7

M(1.1)
60 60 66 1.15 7.2× 10−15 7.2× 10−15 2.6× 10−17

M(1.2)a
60 60 72 1.3 1.5× 10−12 1.1× 10−12 8.3× 10−13

M(1.2)b
60 60 72 1.26 4.2× 10−11 6.5× 10−14 4.6× 10−11

M(1.3)
60 60 78 1.36 1.2× 10−9 7.8× 10−11 1.2× 10−9

M(1.4)a
60 60 84 1.41 8.4× 10−8 2.4× 10−8 7.4× 10−8

M(1.4)b
60 60 84 1.46 2.9× 10−6 3.7× 10−9 2.9× 10−6

Strang 1 1 2 1.8× 10−1 4.7× 10−2 1.5× 10−1

Strang 1 1.4 2 5.1× 10−1 1.5× 10−1 4.0× 10−1

Strang 1 1.9 2 1.34862 0.606472 2.4894
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Numerical example 1

(Lubich, Blue book, 2008) To approximate

e−iHu0

with u0 a unitary random vector and

H =
λ

2


2 −1
−1 2 −1

. . .
−1 2 −1

−1 2

 ∈ RN×N , N = 10000

0 ≤ Ek ≤ 2λ, k = 1,2, . . . ,10000
After a shift, H − λI, we can take: Tβ = λ = t
We approximate:

e−i te−itĤu0, Ĥ = (H − t I)/t
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The Mathematical Problem

i
d
dt

u(t) = H(t) u(t), u(0) = u0 ∈ CN ,

It can be written as the 2N-dimensional real system

q′ = H(t)p, p′ = −H(t)q.

Classical Hamiltonian equations associated to the classical
Hamiltonian

H(q,p, t) =
1
2

pT H(t)p +
1
2

qT H(t)q.

Sanz-Serna&Portillo (1996): Time as two dependent variables:

H̄ =

(
1
2

pT H(p1)p + p2

)
+

(
1
2

qT H(q2)q − q1

)
= A(P) + B(Q)

with q1,q2,p1,p2 ∈ R



The Proposed Algorithm

q0 = Re(un), p0 = Im(un)
H1 = H(tn + c1h), H2 = H(tn + c2h), H3 = H(tn + c3h)

do i = 1,m
v =

(
ai,1H1 + ai,2H2 + ai,3H3

)
pi−1

qi = qi−1 + hv
v =

(
bi,1H1 + bi,2H2 + bi,3H3

)
qi

pi = pi−1 − hv
enddo

un+1 = qm + ipm



The system can be written as

z ′ =

(
0 H(t)

−H(t) 0

)
z = (A(t) + B(t))z

where z = (q,p)T and

A(t) =

(
0 H(t)
0 0

)
, B(t) =

(
0 0

−H(t) 0

)
.

The Magnus series expansion allows to write the formal
solution in exponential form

z(t + h) = eΩ(t ,h)z(t) , Ω(t ,h) =
∞∑

k=1

Ωk (t ,h)



Proposed methods

z(t + h) ≈ eÃm+1eB̃m eÃm · · · eB̃1eÃ1z(t)

≈
(

I H̃A
m+1

0 I

)(
I 0
−H̃B

m I

)
· · ·
(

I 0
−H̃B

1 I

)(
I H̃A

1
0 I

)
z(t)

where

H̃A
i = h

k∑
j=1

ai,jH(t + cjh), H̃B
i = h

k∑
j=1

bi,jH(t + cjh),

for appropriate coefficients ci ,ai,j ,bi,j .



SE with Morse Potential and external laser interaction

i
∂

∂t
ψ(x , t) =

(
− 1

2µ
∂2

∂x2 + V (x) + f (t)x
)
ψ(x , t)

with
V (x) = D

(
1− e−αx)2

, f (t)x = A cos(ωt)x

µ = 1745 ,D = 0.2251 , α = 1.1741 a.u. (HF molecule in a.u.),
A = 0.011025 and laser frequency ω = 0.01787.
x ∈ [−0.8,4.32], split into N = 64 parts and periodic bc.
Initial conditions

φ(x) = σ exp
(
− (γ − 1/2)α x

)
exp

(
− γe−αx),

γ = 2D/w0, w0 = α
√

2D/µ (σ is a normalizing constant).

Kormann, Holmgren, and Karlsson, J. Chem. Phys. (2008).



SE with Morse Potential and external laser interaction

i
∂

∂t
ψ(x , t) =

(
− 1

2µ
∂2

∂x2 + V (x) + f (t)x
)
ψ(x , t)

with
V (x) = D

(
1− e−αx)2

, f (t)x = A cos(ωt)x

µ = 1745 ,D = 0.2251 , α = 1.1741 a.u. (HF molecule in a.u.),
A = 0.011025 and laser frequency ω = 0.01787.
x ∈ [−0.8,4.32], split into N = 64 parts and periodic bc.
Initial conditions

φ(x) = σ exp
(
− (γ − 1/2)α x

)
exp

(
− γe−αx),

γ = 2D/w0, w0 = α
√

2D/µ (σ is a normalizing constant).

Kormann, Holmgren, and Karlsson, J. Chem. Phys. (2008).
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The Rosen–Zener model

H(t) = ω σ3 ⊗ Ik + f (t) σ2 ⊗ Rk

Rn = tridiag{1,0,1},

f (t) =
V0

cosh(t/T )
, V0 = 10, ω = 10

T = 1, t ∈ [−5T ,5T ], n = 10.





Other Applications

Diffusion-advection-reaction equation

We consider the equation

∂tu(x , t) = A(x , t) u(x , t) =
(
α(x , t) ∂xx +β(x , t) ∂x +γ(x , t)

)
u(x , t)

α(x , t) = e− cos x (sin t)2 , γ(x , t) = e sin x (1 + e−t) ,
subject to the initial condition u(x ,0) = sin(2x) and periodic
boundary conditions on the spatial interval Ω = [0,2π].
Number of grid points M = 100
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Other Applications

For solving the nonlinear perturbed problem

du
dt

= A(t) u + εg(t ,u),

with |ε| � 1 it can be very useful to have a good integrator for
the linear part.



H real and constant

SB, F. Casas, and A. Murua, J. Comput. Phys. (2015).

SB, F. Casas and A. Murua, Found. Comp. Math. (2008).

SB, F. Casas, and A. Murua, SIAM J. Sci. Comput. (2011).

H real and t-dependent

SB, F. Casas, and A. Murua, Work in progress.

SB, F. Casas and A. Murua, Int. J. Comp. Math. (2007).

SB, F. Casas, and A. Murua, RACSAM (2012).

H: t-dependent, complex and/or dissipative

SB, F. Casas, and M. Thalhammer, Work in progress.

Group webpage: http://www.gicas.uji.es
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