
Modified trigonometric integrators

Ari Stern

Department of Mathematics
University of California, San Diego

astern@math.ucsd.edu

Geometric Numerical Integration Workshop
Oberwolfach, March 24, 2011

Ari Stern (Department of Mathematics, UCSD) Modified trigonometric integrators Oberwolfach, March 24, 2011 0 / 2

mailto:astern@math.ucsd.edu


H (q, p) =
1

2
‖p‖2 +

1

2
‖Ωq‖2︸ ︷︷ ︸

fast,
linear

+ W (q)︸ ︷︷ ︸
slow,

nonlinear

⇐⇒
(

Ωq̇
ṗ
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The matrix Ω is symmetric positive-semidefinite, e.g., Ω =
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with ω � 1.
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Choosing Ω̃ = Ω gives the Deuflhard/impulse method, which has problematic resonances.

Choosing hΩ̃/2 = arctan(hΩ/2) gives the IMEX method, which is symmetric, symplectic,
consistent for slow energy exchange, and nonresonant (S. and Grinspun, SIAM MMS, 2009).
Modulated Fourier expansion shows that energy exchange is dictated by three parameters,
called α, β, γ. For the true solution, α = β = γ = 1, but consistency requires only α = 1.

Theorem (McLachlan and S.)

1 Given Ω̃, there is a unique choice of filters giving a symmetric, symplectic method with α = 1.

2 Deuflhard/impulse is the unique method with α = β = 1.

3 IMEX is the unique method with α = γ = 1.
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Fermi–Pasta–Ulam energy exchange comparison
ω = 50, T = 200, h = 0.1:

Maximum deviation of adiabatic invariant I1 + I2 + I3, scaled by ω
hω/π ∈ (0, 4.5], T = 1000, h = 0.02:
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