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Motivation

A Optimal control problem
min, , J(x, u) s.t. x(t) = f(x(t), u(t)), x(0) = x°
» well established numerical methods
indirect: solve necessary optimality conditions
direct: discretize problem in a clever way and solve
optimization problem
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Motivation

A Optimal control problem
min, , J(x, u) s.t. x(t) = f(x(t), u(t)), x(0) = x°
» well established numerical methods
indirect: solve necessary optimality conditions
direct: discretize problem in a clever way and solve
optimization problem

B Structure preserving integration
approximate solution x(t) of x(t) = f(x(t)) via a discrete
solution {Xk}LV:O with €.8. Xkr1 = \Uh(Xk)

» preserve conservation properties in discrete solution

» geometric integrators, symplectic integrators,
here: variational integrators
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Motivation

A+B optimal control problem
+ structure preserving integration
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Motivation

A+B optimal control problem
+ structure preserving integration
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v

What is preservation in presence of control u(t)?

v

Which properties can be derived from integration theory?

v

What do we gain for optimal control problems?
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Outline

» Optimal control: problem formulation

» Discrete Mechanics and Optimal Control

» Preservation properties and approximation error
briefly:

» Variational approach to multirate integration

» related works:
BETsCH, BOCK, BONNANS, DIEHL, GERDTS, HAGER,
KoBILAROV, LEOK, LEYENDECKER, MARSDEN, ORTIZ, VON
STRYK, WEST, CHYBA, HAIRER, VILMART, ...
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Optimal Control Problem

« )m(m(T) (x,u) / C(x (t))dt+ &(x(T))
subject to
system equations x(t) = f(x(t),u(t)),
initial value x(0) = xo,
path constraints 0 < h(x(t),u(t)),
final point constraint 0 = r(x(T)).

x ER™ ueR™, J:R™ x R™ - R, C:R™ x R™ — R,
®:R™ SR, f:R™ xR% — R™ h:R™ x R — R™ r:R™ — R™,
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Optimal Control Problem

« )m(m(T) (x,u) / C(x (t))dt+ &(x(T))
subject to
system equations x(t) = f(x(t),u(t)),
initial value x(0) = xo,
path constraints 0 < h(x(t),u(t)),
final point constraint 0 = r(x(T)).

x ER™ ueR™, J:R™ x R™ - R, C:R™ x R™ — R,
®:R™ SR, f:R™ xR% — R™ h:R™ x R — R™ r:R™ — R™,

Necessary optimality conditions:
Pontryagin maximum principle
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Necessary optimality conditions

Theorem (Pontryagin Maximum Principle)

Let (x*,u*) be an optimal solution. Then, there exists a
function A : [0, T] — R™ and a vector a € R™ such that

H(x*(t), u*(t), A(t)) = ur(rtm)aexUH(x(t),u(t),A(t))Vte[0 T],
_(t) = VH(x*(t), u*(t), \(t)), x*(0) = xo,
A(t) = _va(X ( )’u*(t)’ (t )7
NT) = Vid(x(T)) = Vir(x*(T)) a

: %k

X

with the Hamiltonian

H(x(t), u(t), A(t)) = = C(x(t), u(t)) + AT(t) - £(x(t), u(t)).

Sina Ober-Blébaum p.6
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Theorem (Pontryagin Maximum Principle)
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e @Bher B A = e W@, e @h @) v & I8,
);
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Necessary optimality conditions

Theorem (Pontryagin Maximum Principle)

Let (x*,u*) be an optimal solution. Then, there exists a
function A : [0, T] — R™ and a vector a € R™ such that

H(x*(t), (1), A(t)
state Xx*(t

adjoint  \(t

AT

= ur(?)anUH(X(t)7 u(t), A(t)) vVt € [0, T,

) )
) = VaH(x(t), u*(2), A(2)), x*(0) = xo,
) - _va(X ( )’u*(t)’ (t )7

) = V,O(x*(T)) = Var(x*(T)) .

with the Hamiltonian

H(x(t), u(t), A(t)) = = C(x(t), u(t)) + AT(t) - £(x(t), u(t)).
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Mechanical system: variational formulation

» n-dimensional configuration manifold Q
> Lagrangian L: TQ — R, L(q,q) = K(q,9) — V(q)

» Lagrangian control force
i TOQxU—-TQ Q

6q(t) varied curve

Lagrange-d'Alembert principle

5 / L(q(t), 4(1)) dt + / fu(a(). 4(t), u(t)) - 5q(t)dt = 0

= Euler-Lagrange equagons
5t 95 La(0):4(0) = 5 L(a(e), 4(2) = la(e).4(e). u(0)
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Mechanical system: variational formulation

» n-dimensional configuration manifold Q
> Lagrangian L: TQ — R, L(q,q) = K(q,9) — V(q)

» Lagrangian control force
i TOQxU—-TQ Q

6q(t) varied curve

Lagrange-d'Alembert principle

5 / L(q(t), 4(1)) dt + / fu(a(). 4(t), u(t)) - 5q(t)dt = 0

= Euler-Lagrange equagons
5t 95 La(0):4(0) = 5 L(a(e), 4(2) = la(e).4(e). u(0)

o= x(t) = f(x(t), u(t)) with x = (q, §)
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What are the relevant preservation properties?

Noether Theorem (no forcing)

Invariance of the Lagrangian under a group action of a Lie
group G leads to the preservation of momentum maps
along the trajectory.

» Lagrangian L : TQ — R, Lie group G, left action
V,:Q—Q,8€G

> invariance of the Lagrangian: Lo W]? =L

» left action induces momentum map J with J o F} = J for
all t with Lagrangian flow Ff: TQ — TQ
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What are the relevant preservation properties?

Noether Theorem (no forcing)

Invariance of the Lagrangian under a group action of a Lie
group G leads to the preservation of momentum maps
along the trajectory.

» Lagrangian L : TQ — R, Lie group G, left action
V,:Q—Q,8€G

> invariance of the Lagrangian: Lo W]? =L

» left action induces momentum map J with J o F} = J for
all t with Lagrangian flow Ff: TQ — TQ

Symplecticity (no forcing)
Lagrangian flow is symplectic: (F/)*(R2) = Q.
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Discrete variational principle

Replace
» state space TQ with
QxQ
» curve g(t) € Q with U u
sequence qg = {qk}r_o \ X J / /
» curve u(t) € U with \/{?ﬁ.
sequence ug = {u}p o 4 T §\+‘
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Discrete variational principle

Replace Jk
P o 11Ty
‘ qu Variierter Punkt Y

» state space TQ with

QxQ

» curve q(t) € Q with s K
sequence qq = {qx N, \ & J / /

» curve u(t) € U with \./{'_?R
sequence ug = {u}p o ‘4“ . §\+‘ B

k-1
Approximate Lagrangian and virtual work:

» discrete Lagrangian Ly: Q@ X @ — R
(k+1)h

La(Gho Ger) = / L(q(t), 4(t))dt

h

> Qe 5qk+1~ VI (g(t), a(t), u(t))-dq(t) dt
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Discrete variational principle

» Discrete Lagrange-d'Alembert principle
N—1 N—1
52 La(qx; Q1) + Z [f - 0qi+fF - 0gis] =0
k=0 k=0

» Discrete Euler-Lagrange equations (DEL)

DiLa(G: qis1) + Dola(qu—1,q) + f + £, =0

» Variational integrator for forward simulation
@ symplectic (preservation of symplectic form) = good

long-time energy behavior HARER & LuBicH (2004)
@ preserves momentum maps, if Ly is invariant under
group action MARSDEN & WEST (2001)

» order given by order of discrete Lagrangian and forces
» boundary conditions: continuous boundary conditions on
TQ are transformed in discrete boundary conditions on
Q x Q via the discrete Legendre transformation
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Discrete optimal control problem
(DMOC: OB, JUNGE & MARSDEN (2008))

N—1
min  Ja(qa, ug) = Z Ca(qr> Gr1, u) + Pa(gn-1, gn, Un—1)
qd:“d:(h) k=0
st. DEL  DoLy(qu—1, k) + DiLla(Gr, qusr) + fy + £ =0
initial conditions s4(qo, g1, o, q°, 5/0) =
path constraints ha(qk, Grra, uk) >

final constraint  ry(qn_1,9n, Un-1,9",q"7) =
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Discrete optimal control problem
(DMOC: OB, JUNGE & MARSDEN (2008))

N—1
mirzh Ja(qq, ug) = Z Ca(qr> Gr1, u) + Pa(gn-1, gn, Un—1)
qd,Ud, k=0
st. DEL  DaLa(qk-1, k) + DiLa(qk, Gkr1) + fy + o =0
initial conditions s4(qo, g1, o, q°, élo) =
path constraints ha(qk, Grra, uk) >

final constraint  ry(qn_1,9n, Un-1,9",q"7) =

restricted optimization problem
mine () s.t. a(€) =0, b(€) > 0
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Discrete optimal control problem
(DMOC: OB, JUNGE & MARSDEN (2008))

N-1
min  Ja(qa, ug) = Z Ca(qr> Gr1, u) + Pa(gn-1, gn, Un—1)
qd:“d:(h) k=0
st. DEL  DoLy(qu—1, k) + DiLla(Gr, qusr) + fy + £ =0
initial conditions s4(qo, g1, o, q°, élo) =
path constraints ha(qk, Grra, uk) >

final constraint  ry(qn_1,9n, Un-1,9",q"7) =

restricted optimization problem
ming p(§) s.t. a(§) =0, b(§) >0
U
necessary optimality conditions

Karush-Kuhn-Tucker: Vp(¢) = ATVa(&) —u"Vb(€) =0
with "Lag‘range‘multipliers A und p.
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Structure preservation in presence of forcing

Consequence from Noether:
» evolution of momentum map exactly determined by
control forces
» preservation of momentum map if control forces act
orthogonal to group action ({f;,{q) = 0)
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Structure preservation in presence of forcing
Consequence from Noether:
» evolution of momentum map exactly determined by
control forces
» preservation of momentum map if control forces act
orthogonal to group action ((f.,{q) = 0)
Example: control force acts orthogonal to relative velocity =
exact preservation of velocity's absolute value

0 5 10 15 20 2 80 8 40 45 50
t
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The adjoint system

Optimal control problem

optimizaV \scretization

state and adjoint system optimization problem
discretjization optimization
discrete state and discrete state and
adjoint system adjoint system
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The adjoint system

Optimal control problem

optimizaV N‘scretization

state and adjoint system optimization problem
) L. rder of . )
discretjization ~__. - optimijzation
approxim :
discrete state and discrete state and
adjoint system adjoint system

» RK methods: order of adjoint scheme is in general NOT

the same as for state scheme
[HAGER 2000], [BONNANS, LAURENT-VARIN 2006]
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The adjoint system

Optimal control problem

optimizaV N‘scretization

state and adjoint system optimization problem
) L. rder of . )
discretjization ~__. - optimijzation
approxim :
discrete state and discrete state and
adjoint system adjoint system

» RK methods: order of adjoint scheme is in general NOT

the same as for state scheme
[HAGER 2000], [BONNANS, LAURENT-VARIN 2006]

» BUT: using the right scheme for the state system, state
and adjoint scheme coincide (e.g. special class of VI)

Sina Ober-Blébaum p.13
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Properties of DMOC: order of approximation

Proof strategy:
1 VI of order r given by Ly = h>"7_, biL(Q;, Q)

symplectic partitioned Runge-Kutta scheme of order r

[Surts 1990],[MARSDEN, WEST 2001]
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Properties of DMOC: order of approximation

Proof strategy:
1 VI of order r given by Ly = h>"7_, biL(Q;, Q)

symplectic partitioned Runge-Kutta scheme of order r

[Surts 1990],[MARSDEN, WEST 2001]

2 determine approximation order x of adjoint system (as for
RK methods [HAGER 2000]):
» necessary optimality conditions for continuous system
(Pontryagin)
» necessary optimality conditions for discrete system
(KKT)
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1 Hamiltonian formulation

» Lagrangian (g, ) can be rewritten as Hamiltonian (g, p)

» partitioned Runge-Kutta scheme [Marspex, West 2001]

Q1=Clo+h2bj‘7©j, p1:p0+h2bj’.’Pj,
=1

j=1

S S
Q=aq+h> alQ, P=p+h) aPF
j=1 j=1

Pi: a_q(Qi’ Q,‘), P,': a_q(Qi, Qi)+fL(QfaQi7 UI)

i=1,...,s, with internal stages (Q;, P;), control samples
Ui = ud(to + c;h), symplectic if bfal + bfal = bjb?, b = bf.
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2 Continuous adjoint system

» substitute optimal control u(q(t), p(t), A9(t), A\P(t))
obtained by solving minimization problem

» two-point boundary problem

q(t) = v(q(t),p(t)), q(0)=q",

B(t) = n(a(t), p(t), \(t), A°(1)), p(0) = p°,

A(t) = ¢%(a(1), p(), A7(2), A°(2)), A(T) = W(a(T), p(T)),

M(t) = ¢7(a(t), p(t), A(2), A(t)), A(T) = WP(a(T), p(T))
A‘umvs & Sina Ober-Blobaum p.16




2 Discrete adjoint system (1)

S
Q1 = Qi+ hz biv(Quis Pi), 9o = q°,

i=1

s
pisi = Pe+h Y bn(Qu, Pui X5 X5),  po =P,

i=1

Mo = AR b (Quis P Xin X5, A= V(aw, p).

i=1

Mo = M +h) ] bieP(Qu, P X X5). N = VP(an, p).

i=1

Sina Ober-Blébaum p.17
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2 Discrete adjoint system (I1)
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Qki

q
Xki

P
Xki

dxk + hZ aZ'V(ija ij)7

J=1

S
i+ h Z aim(Qujs Pugs X X0y

j=1

AL+ hzég Qi P s Xig)

)\p+hza Qk_j?Pk_j7XkJ7Xk_])

bib; — b a? bib; — b;a",

)i =p JJi

b; ’ i b;
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2 Order of approximation
Theorem (Order of approximation)

If the partitioned symplectic Runge-Kutta discretization of the
state system is of order k and b; > 0 for each i, then the
scheme for the adjoint system is again a partitioned symplectic
Runge-Kutta scheme of the same order (in particular we
obtain the same schemes for (q, p) and (AP, \9)).

. .. . bibj—bja

Proof: With the symplecticity condition aZ- # it holds
=9 _ P
> _ 9
a; = a.

O

(OB, JUNGE, MARSDEN 2009]
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2 Discrete adjoint system (I1)
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Qki

q
Xki

P
Xki

dxk + hZ aZ'V(ija ij)7

J=1

S
i+ h Z aim(Qujs Pugs X X0y

j=1

AL+ hZéZ- Qi P s Xig)

)\p+hza Qk_j?Pk_j7XkJ7Xk_])

bib; — b a? bib; — b;a",

)i =p JJi
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Properties of DMOC: convergence rates

10, . . . 7
——OMoC ——omoc
—©— DMOC and ADOLC —e— DVOC and ADOLC

—log(max(q-q,))

of

—\og(max(u—um))

convergence rates control

convergence rates configuration

» two-link pendulum optimally .
(minimal control effort)
controlled from lower to upper
equilibrium

——DMoC
—6— DMOG and ADOLG
—log(max(*-2. ))

4 . el

> same convergence rates for
configuration, control and
adjoint

convergence rates adjoint
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...to give answers to 7

A+B optimal control problem
+ structure preserving integration

» inherited from integration scheme (var. formulation):
evolution of momentum maps due to symmetries
determined by control forces

» gain for optimal control problems (symplecticity):
order of adjoint system = order of state system

col.
S
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...to give answers to 7

A+B optimal control problem
+ structure preserving integration

» inherited from integration scheme (var. formulation):
evolution of momentum maps due to symmetries
determined by control forces

» gain for optimal control problems (symplecticity):
order of adjoint system = order of state system

extension to (holonomic) constrained systems

col.
S

Sina Ober-Blébaum p.22
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Optimal control of multi-body dynamics (DMOCC)

[LEYENDECKER, OB, MARSDEN, ORTIZ 08]

» constraint manifold C ={q|q € Q,g(¢q) =0} C Q

» discrete version of Lagrange-d'Alembert principle with
augmented Lagrangian L(q,q,1) = L(q,9)—g"(q) - it

» Forced constrained discrete EL equations

[DaLa(qk-1,ax) + DiLa(k: qr1)—hG T (q) - pe + iy +£7] = 0

g(gk+1) = 0
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Optimal control of multi-body dynamics (DMOCC)

[LEYENDECKER, OB, MARSDEN, ORTIZ 08]

» constraint manifold C ={q|q € Q,g(¢q) =0} C Q

» discrete version of Lagrange-d'Alembert principle with
augmented Lagrangian L(q,q,1) = L(q,9)—g"(q) - it

» Forced constrained discrete EL equations

PT(q) [D2La(qr—1, k) + D1La(qk, Gs1) +RL AR =0

» dimension reduction via discrete nullspace matrix, relative
reparametrization of configurations and forces

o reduced scheme with minimal dimension
@ symplectic and momentum consistent
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Example (DMOCC): satellite reorientation

[LEYENDECKER, OB, MARSDEN, ORTIZ 08]

» satellite actuated via rotors attached at main body
» Goal: attitude control with minimal control effort
» preservation of total angular momentum

Sina Ober-Blobaum p.24
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Example (DMOCC): satellite reorientation

[LEYENDECKER, OB, MARSDEN, ORTIZ 08]

» satellite actuated via rotors attached at main body
» Goal: attitude control with minimal control effort
» preservation of total angular momentum

6000

energy

4000

2000

05

-05

angular momentum

Colla
Self-o
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Variational multirate integration

(joint work with S. LEYENDECKER)

» mechanical systems with dynamics on different time scales
» Lagrangian

L(g,q) = T(q) — U(q), U(q) = V(q)+ W(q)

1 -
with W(q) = =W(q), ¢ < 1.
€
» assumption: separation in slow and fast variables
q=1(q%4"
» fast potential W only dependent on fast variables g
» Lagrangian
L(q,4) = T(g) — V(a) — W(q")
» aim: resolve slow and fast dynamics but with less
function evaluations and smaller set of variables

S
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Multirate: discrete approximation
» consider two time grids

macro time grid

tlk—l tlk tk|+1 AT
T T T T T T

0 m—1 m+1 P — 40 m—1 m m+1 P
b1 ey G Bor G =t T Gt b At

micro time grid

macro grid {t, = kAT |k =0,...,N}
micro grid {t] = kAT + mAt|k=0,....,N—1,m=0,...,p}
» discrete slow variables {gf }1_, with g5 ~ ¢°(tx)
> discrete fast variables {{q}""}%_o} -4 with g = g},
and ¢ ~ ¢’ (t")

ColL
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Discrete Lagrangian
La(ar, qZ+1, 0’ .. a7 =

f,m+1
ZLd A AL A
m=0
p—1
f,m _f,m+1
= [Td(Qkaqk+1>qk a)
m=0
—Va(aqz, qls<+1:qk 7q£m+1) W(qlim’qlim+l)]

with Ld = Td — Vd — Wd
macro time grid
| tlk tki+1 AT

m+1 P — 40 m—1 m m+1 P
oyt =t G Tty t at

m—1 4m
tior T

micro time grid

Colla
Self-o
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Discrete variational principle

» discrete action

N—-1 p—1
f,m f,m f,m+1
Sy <{qls<}2I:0a {{Qk pm 0J k= o> La(qy, Tr+1: 9k Gy * )
k=0 m=0
» stationary discrete action °
N—-1 p—1
f,m f,m
084 =03 > La(a;.qbs1 ™ a™ )
k=0 m=0
N—1 p—1
= Dll_d'(gqi—FDz[_d'(gqurl
k=0 m=0
N—-1 p—1
+ DsLg - 5qk + DylLy - 5qf =0
k=0 m=0

gives discrete Euler-Lagrange equations for fast and slow
dynamics
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Triple pendulum in 3D
» different quadrature rules
lead to different schemes
» invariance of discrete

Lagrangian: preserved
momentum maps

» discrete sympletic form
preserved oy o

momentum

o

configuration angular

search Centre 614
ncepts and
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Conclusion and future directions
Conclusion

» fully discrete variational formulation for the optimal
control of mechanical systems

variational:  structure preserving
symplectic: approximation order of adjoint system
= approximation order of state system
— order of adjoint system also for extended DMOC
versions (with holonomic constraints)
» variational multirate integration
» unified variational approach for the simulation of
mechanical systems with different time scales
» structure preserving
— analysis: comparison to existing methods, long-time
behavior, efficiency
— use for optimal control
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