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A class of highly oscillatory Hamiltonian systems

We consider Hamiltonian systems with Hamiltonian function

H(x) = H(x) + K(x), with HO%(x ij

where we assume that
o HO(x) >> K(x),
e each /;(x) and K(x) are smooth scalar functions (x € R2"),
@ 1(x),...,l4(x) are in involution,
o the t-flow WH! of each /(x) is (2r)-periodic in t,

o the vector of frequencies w = (wy,...,wq) € R¥ is
non-resonant, that is, k- w #0if 0 # k € Z¢.

Thus the t-flow \Um cowld of H®(x) is quasi-periodic.

twy



Introduction

It includes as particular cases:

@ Near-integrable systems in action-angle variables
x = (a,0) € R" x T" with Hamiltonian of the form

> Ajaj+eR(a0).
j=1

@ HOS conservative mechanical systems with Hamiltonian

1 1
H(p.q) = 5P P+ 55a" Nq+ U(q),

where A is a symmetric matrix (with eigenvalues

Alyee oy An GR).
There exist d < n and a non-resonant vector of frequencies w € R ¢
such that the \;/e are Z-linear combinations of wi, ..., wq.
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Example (A Fermi-Pasta-Ulam type problem (from HLW))

A Hamiltonian system with n =5 (g € R®, p € R®),

5 5
1 1
Hip.a) = 5 5 +55 D M+ U(a),
j=1 j=1
U()—121+12+ L gt a5t gs o 4
q) = 2q1 4q2 20 g2 ~ 43+ Qs 2q4 .

Where)q:O,/\2:)\3:1,)\4:2,)\5:\@.

o Vector of non-resonant frequencies: w = (¢71,v/2¢71) € R2.
€ 1
o h(x)=5(p3 + P35+ P3) + 5-(d5 + &5 + 443),

2 i 2¢
€ 2
h(x) = \ﬁpg - TQ{%.

o K(p,q) = 3pi + U(q).
D
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Example (continuation)

As in [HLW], we take e = 1/70, p(0) = (—0.2,0.6,0.7,—0.9,0.8)7,
q(0) = (1,0.3¢,0.8¢, —1.1¢,0.7¢) T, and plot (versus t)

1 2 )\12 2
JI(X):EPJ +§qjv J:27374a5
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Formal first integrals and quasi-stroboscopic averaging

Under the precedent assumptions on H(x) = ij (x),

there exists formal series 1(x), ..., ly(x), K(x ) such that

d
o H(x) = wili(x)+K(x),
j=1

o H(x),h(x),...,l4(x), K(x) are in involution,
e the t-flow <D£’] of each 7( ) is (27)-periodic in t,
e For any solution x( ) of th = J71VH(x),

x(t) = CD[tﬂl ‘o ¢[t‘ﬂd(X( t)), where X(t) is the solution of
the averaged system

d _ ~)
=X =1J IWWK(X), X(0) = x(0).
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Consider the Fourier expansion of K(Wy(x)) = Z Hi(x)e k),
. keZd
where Wy = \Ifgll] 0.0 \ULZ], each \Uy] being the t-flow of /;(x).

Explicit formulae for first integrals and averaged Hamiltonian

B0 = bt YD e ()

keZ9\{0}

+Z Z ﬁkl k, {Hkﬂsz} Hka} }’Hkr}(x)’

r>2 ky,....k EZd

R = )+ 30 @{{-~-{{Hkl,sz},Hkg}---},Hk,}(x»

r>2 k... k€29

<

where the coefficients ﬂ/Eil]mk, and /Bkl"'kr only depend on w e R9,
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Explicit recursive formulae for the coefficients

Given r € Z*+, k € Z9\{0}, and h,...,ls € Z“,
B =
U — o
Bork = kwﬁo, 1o
ﬂkh = ﬁ(ﬁ ﬂ(k+,1),2 L)
ﬁorkh = T(ﬁor Tkl - ﬁor(k+/1)/2.~/s)7

and very similar recursions for Bkl---k,- Also,
c 1
Bt =1= ) _ By,
j=1
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Example (continuation)

l |

We compute the second order truncation of /;(x),

W)= h()+ 3 BMHe+ Y B0 {H Hid,

kezd k.lez.9

and plot |I1(x(t)) — 11(x(0))|/€> versus time.
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Variation of similar size for |I;(x(t)) — 11(x(0))|/€> with ¢ = 1/140.
D
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A general class of highly oscillatory systems (HOS)

d
d
27X =D wigi(x) + h(x) (1)
j=1
@ non-resonant w = (w1, ...,wq), and

o the t-flows \Uy] of the individual systems 4 x = g;(x) are
(27)-periodic and commute with each other.

We denote for each 6 = (61, ...,04) € TY,
vy =wilo.. ol
Obviously, ¥(6,6") € T9 x T¢,
Wy oWy = Wy, p.

{Wy : 0 €T} forms a d-parameter commutative group.
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The change of variables x = Wy, (y) transforms the system into

d

Cy =)= (g Veln) HVL(), ¥(0) =x(O).

dy
We consider the Fourier expansion

(5:%000) " Halr)) = 3 5y,

kezd

~

We have that y(t) = B(y(t, tw), y(0)), and since (¢, tw) € G,

y(t) = y(O) —+ Z Z /Ykl"'kr(t7 tw) fkl"'kr(y(o))7

r>1 kq,....kreZd

e where fi ..k, (v) = a%fhmkr()’) - fx,(v), and
@ each 7y,...k (t,0) depends polynomially in t and it is a
trigonometric polynomial in each component of 6.



Recursive formulae for v,,(t, )

Given r € Z*, k € Z9\{0}, and h,...,ls € Z“,

Vk(t,6)
Yor (t,6)
York(t,0)
Yidy -1 (t, 0)

Yorkhy---15(t, 6)
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i

_ el(k0)
(1 - i),
v

r!’

i ik
i u}(F}/O’*lk(t 0) - 70’(1-?6)6 (k 9))7

]
m(%wls(t? 0) — ’7(k+/1)/2--~/s(t, 0)),
]
Py w(’YO’ﬂklyuIs(ta 0) — Yor(k+h) b1, (£, 0))-
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With the notation ®; ¢(x) := Wy(B(7(t,0), x)), that is

by g(x) = Vi (x +3 Y ew(60) f,q...k,(x)),

r>1 kl,...,krEZd

we have that x(t) = ®¢ +,(x(0)) for any solution x(t) of the
original (autonomous) system, and thus, Vt,t' € R,

Dyt 0 Pt = ‘Dt+t',(t+t')w-

Y(t,0),(t',0') € R x T¢

P 0oPrg=Privore.

Hence, {®:4 : (t,0) € R x T9} forms a (d + 1)-parameter
commutative group of formal transformations.
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Consider ®,(x) := ®;0(x) = B(7(t,0), ) Since ®; 0 by =y,
®, is the t-flow of an autonomous ODE 4x = h(x), where

That is,

Moreover, y(t,0) € G, which implies that

> X Pk k)

r21 ky,....kreZd
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Theorem
For any solution x(t) of the HOS,

x(t) = ®o,0,(X(t)),
where X(t) is the solution of the averaged system

d ~
ZX=h(X), X(0) = x(0).

Moreover, if 1(x) is a first integral of the original HOS,
I(x(t)) = 1(x(0)),
then 1(X(t)) = 1(X(0)).
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Some comments on that high order averaging procedure:

@ The name averaging: A first order approximation of l~1(X) is
given simply by

fo(X) = (;r)d /Td (aixwg(X))*l h(Wy(X)) db.

@ In the periodic case (d =1, w € R), it is called stroboscopic
averaging, because x(t,) = X(t,) at t, = 27n/w.

o In the quasi-periodic case (d > 1, w € R9), we refer to it as
quasi-stroboscopic averaging, because Vd > 0, there exist
T(8) > 0 and k(8) € Z9 such that T(8)w = 27k(8) + O(9)
and thus, x(t,) = X(t,) + O(nd) at quasi-stroboscopic times
tn = nT(0).
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The precedent theorem can be supplemented as follows:

Theorem

@ The change of variables x = W ¢,,(X) admits the factorization

Dot = olll ... o0l

twy twy?

where each \Il[tj] is the ((2m)-periodic) t-flow of

d . . ,
angf(x)v where gy(X):gj(X)"i'B(IBD]?X)?
with gUl = 24(0, tej)‘t:() (ej the jth unit vector in R9).
Q If1(x(t)) = I(x(0)), then I(x) is also a first integral of each
vector field gj(x).
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The factorization

Gy = g0 0o ol

twy twy

of the t-flow of the HOS in commuting flows gives the following

Rewriting of the HOS

d d d _
25 = 2 wigl) () = D wigi(x) + h(x)
Jj=1 j=1

where gj(x) (1 <j < d) and h(x) commute with each other.
(Closely related to normal forms).
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