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Cubic nonlinear Schrodinger equation

H
i0iu = —Au+ NulPu= 6)—(u, )

ou
Wave function u(t,x) € C, x € T = R/(27Z).
@ Preservation of the L2 norm : ||u(t)\|i2 = ||u(0)||i2
@ Hamiltonian preserved for all times
1
H(,8) = - /T(|Vu]2 + %|u|4)dx.

@ A > 0: focusing, A < 0 : defocusing.



Cubic nonlinear Schrodinger equation

Decomposition u(t, x) = Zjez &i(t)el,

H(EE) = T(&8)+P(&€)
by -
= D UPIGE+5 D0 &tméid.

JEZ j. k0, mez
j=k—t+m

Hamiltonian system : for all j € Z,

: . . = OH _
§=—ililPG—ix D Glibm=—-i==(59)

j=k—l+m 9



Semi-discrete system

Space approximation : Fourier pseudo-spectral collocation method :
UR(t,x) = Y &f(t)el™
jeBK
satisfying NLS at the grid points x; = 2j7/K € [-m, 7], j € BX
@ K=2P+1lodd: BX={-P, ... P}
e K=2Peven: BX ={-P ... P—1}.



Semi-discrete system

Space discretized Hamiltonian :

HX(£,€) TR, O + PH(£,9)

A -
D IKPIEP +5 D Ekmed

keBK k,m.jeBKX
k+m—{—jeKZ

Aliasing problem
Semi-discrete NLS : For all j € BX

Go=—iliPef —in Y G
j=k—l+m+56K
5€{0,%1}



Splitting schemes

Stepsize 7.Splitting schemes
§K,n+1 — (P;-DK o SD?K(SK’H)-

Practical implementation : Using FFT

o ¢Lx diagonal on the grid x; € [~7, 7]

i0;u = |ulPu = u(t,x) = ef’.tluo(xwuo(x)

@ T diagonal in Fourier
. . —itljI?
i0:j = |17 = (1) = e *U1¢;(0)

Possible use of implicit scheme for the linear part (midpoint)



Backward error analysis for PDEs

Theorem (Faou & Grébert 2009)
M fixed. There exists C such that for all N, K, T satisfying
K? 2

FL :=17—
C 7—2<N+1’

there exists a polynomial Hamiltonian HX such that for all
¢ e BM:{§€€1\||§||€1 < M}, we have

165k © $74(€) = 7 (E)ll o < TVFH(CN)™.

||f”el = > ez |Ek| Wiener algebra.




Backward error analysis for PDEs

Modified Hamiltonian

- 1 iTQkmej -

HEEE) = D KPlalP+5 D0 e, Skm&dO(7)
keBX k,m,¢ jeBK
k+m—{—jcKTZ

with Qume; = [k[2 + |m|? — €2 — |m]2.

@ Also valid for implicit-explicit schemes (better CFL condition)
but numerical eigenvalues (instead of |k|?)
2 7|k|?

Ak = — arctan(
T

)

o Valid for semilinear Hamiltonian PDEs with discrete spectrum.

@ Linear case : Debussche & Faou 06



CFL conditions

TN+1 Standard Implicit-explicit

72 3.14 00

73 2.10 3.46
T4 1.57 2.00
T° 1.27 1.45
70 1.05 1.15
' 0.90 0.96
78 0.80 0.83
70 0.70 0.73
710 0.63 0.65




Fully discrete solution

o If u¥n = > keBK 5;((’"e"kx is the polynomial fully discrete
solution : Preservation of the modified energy as long as the
solution remains bounded in ¢*.

o In dimension 1 : [[ul, < v, -

Global existence of H! small solutions of NLS.
Discrete analog :

Theorem (dimension 1)

There exists ey such that if e < eg and HuK’OHH1 <'e, then
Vnr < Cyr N ||uK’”||H1 < Ce

where C does not depend on K.




Cubic NLS on the torus : small solutions

Cubic NLS on T : Behavior of solutions over long time ?
Small initial data after scaling : ¢ << 1.

i0iu = —Au+elulPu,  u(0,x) = ug(x) ~ 1.

In Fourier B
u(t,x) =Y el™u(t)
jezd
y _ _ OH
it = |jluj+¢ Z UklUgUm = ﬁ(“)
j=k+l—m J
|2 =j?+ -+ j3. Hamiltonian

— . € -
H(u,0) = Z 12w + 5 Z uj Uy gl

jezd JAk=04+m



Cubic NLS on the torus

i0iu = —Au+ Vu + ¢|ul’u.

With potential : Stability results.
@ Bourgain, Kuksin, Craig & Wayne, Poschel, etc...
o KAM (Eliasson & Kuksin 10)
@ Birkhoff normal forms (Bambusi & Grébert 06)
@ Nekhoroshev-like estimates (Faou & Grébert 10)

Typical result : ||u(0)|| ,. =1 then ||u(t)] . <2 and

HHS ||Hs

—r

g
|l ()17 = [ (0) ] < 2 t<e

]

Optimization of the constants : t < &~ Inel?



Cubic NLS on the torus

iOu = —Au+ e|ul?u.

Without potential. Dimension 1 :
@ Integrable system (Zakharov & Shabat 84).

o Global Birkhoff (action-angle) variables (Kappeler, Poschel,
Grébert 10).

e Solitary waves stability (Gallay & Haragus 08).
@ More general nonlinearities : KAM (Kuksin, P&schel 96).

= Preservation of the actions over long time



Cubic NLS on the torus

i0u = —Au+ e|ul?u.

Without potential. Dimension d > 2 :
@ There exist many quasiperiodic solutions (Wang, Procesi &
Procesi, Geng & Xou & You 2010).
o For all M, there exists ug and T such that [Juo[[,,, <1 and
[u(T)l e = M.
(Colliander, Keel, Staffilani, Takaoka, Tao 10)



Cubic NLS on the torus

i0iu = —Au+ Vu+elulu,  u(0,x) = up(x) ~ 1.

Numerical analysis?
With potential :

o Faou, Grébert & Paturel using normal forms
o Gauckler & Lubich using Modulated Fourier Expansion.
Without potential

e Backward error analysis (with Grébert). Almost global
existence in H' in dimension 1.

e Stability of numerical solitons (with Bambusi & Grébert).
Dimension 1.



An approximation result

i0iu = —Au + e|u®u.

Theorem

The solution u(t,x) in Fourier satisfies
ui(t) = e*"t‘j‘zvj(at) + O(e)

for t < T /e, where vj(T) solves

i% vi(r) = Do wk(m)ve(r)m(T)

j=k+l—m
i12=|k[2+]€|2—|m|?

Proof : Normal forms, WKB, Averaging, WNLGO, MFE, etc...



An approximation result

Oy = —Au+ ¢|ulu
We seek uj(t) under the form wuj(t) = e‘it|j‘2\g(et) :
Setting T = et,
d . ,
IEVJ(T) = ' Z Vk(T)Vg(T)Vm(T)eilE(|k|2+w|27‘m|2il-j‘2)
j=k+£—m
Equivalently

ivi(7) = ivj(0 Z/ $)vo()m(s)e EIKPHEP—ImP—liP) g

Jj=k+l—m



An approximation result

Here we use
t
t s U(s)ds if Q=0
/ U(s)e’est{ /0 (s)ds 1
0 O(e) if Q0.

We obtain

() =@+ 3 /0 v (5)e(5)Tm(s)ds + O(e).

Jj=k+£—m

Resonant case : no small divisors issues.



Resonant system

Resonant system :

v = E Vi VpVm

j=k+€—m
1j[2=k|2+]£]2—|m|?

Hamiltonian system with Hamiltonian

1 - _
Z(V)ZE Z Vi VeVjVm

k+£—j—m=0
[k|2+]€]2—j|2—|m[?=0



Resonance modulus

K={j2+|k?=|¢P—|m>=0 and j+k—{—m=0).

Lemma

A quadruplet (j, k, ¢, m) € Z9 is in IC when

@ The endpoints of the vectors j, k,¢, m form four corners of a
non-degenerate rectangle with j and k opposing each other

@ The situation corresponds to one of the two degenerate
cases : (j={,k=m), or (j =m, k =1).




Resonance modulus

Proof : |j + k|?> = |[¢ + m|? implies j - k = £ - m. Then

G=m)-(k=m) = jok—m-G+k—m)
— —m-(j+k—t—m)=0,

In dimension 1 : no rectangles. The resonant Hamiltonian

(Zwuzzw ul?)
JF#k
only depends on the actlons li(u) = |u;?. In particular

(I, 2} =0.

Hence |v;(7)[2 = |uj(et)|? = cst for t < T /e.



Resonance modulus

Theorem (dimension 1)

There exists €9 and a constant ¢ such that if ||uo|| <L then for
e <eo, ift <cel,

lui ()2 = | Q)| < e.

Natural question : can we reproduce this phenomenon numerically ?



Numerical preservation of the actions

Resonances because of the stepsize : u%(x) = 1/(2 — cos(x)),
€ = 0.01, K =512 grid points.

1
7=009 and 7=-——-+—-—- ~0.0898...
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Plot : log [¢/"[2.



Numerical preservation of the actions

Aliasing instabilities :
£=10.01, 7 =103, u%(x) = 2sin(10x) — 0.5¢/"*.
K =31:

s 2
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Aliasing instabilities :
T =10.001, ¢ = 0.05%,

u®(x) = 0.9 cos(—5x) +sin(14x) 4 1.1 exp(—10ix) 4 1.2 cos(—11x).

K=30=2x3xb5and K =31.
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Numerical Resonance modulus

Modified energy

K Z 2 12, € Z ITQjkem _ 2 6
HT = J ’UJ| +§ mUjUkU@Um—FO(g u )
jeBK J+Hk=t+m+iK
6=0,%+1

Approximation result = Numerical resonance modulus

KK ={j,ke,me (BXY | 2+ k>~ —m?=0
and j+k—(—m=0K, &e{0,£1}}.



Numerical Resonance modulus

Lemma

The following holds :

(i) Assume that K > 3 is a prime number. Then KK contains
only terms such that j = /¢ and k = m, or j = m and k = /.

(i) Assume that K/2 > 3 is a prime number. Then KK contains
only terms such that j = ¢ and k =m, or j = m and k =/,
and the terms such that j = —m and k = —{, or j = —{ and
k = —m, under the constraint j + k = 0K /2, 6 = £1.

In the other cases : strongly nonlinear interactions always possible.



Fully discrete preservation of the actions

Theorem

Assume that K is a prime number, and let u¥" =", _, §JK’"e’7X
the fully discrete solution after n iterations of a splitting algorithm.
Then for e and T sufficiently small, if [|uo|| ,, <1, then for

nt < ce_l,

vjeBY, g () - 1g°0)P <.

where

Same result if K = 2P, P prime, and for the super actions.



Dimension two

i0;u = —Au + |ul*u

Generic initial data : preservation of the regularity over very long

time.
But : initial data 1 + 2 cos(x) + 2 cos(y) we have

nmmw«vmr‘mwwm!\mu‘r‘w»\ 149
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Dimension two

To prove this : let us go back to the resonant system

u(t) = > vi(et)e U+ O), t< T

Jj

vj = E Vi VoV,
1=k +€)—|m[>

. j=k+l—m
Idea : Taylor expansion of

vj(et +Zstdtn

n>1



Simulating energy cascades

v;(0)

.so




Simulating energy cascades

avj-(O), by the rectangle rule




Simulating energy cascades

Next two steps :

|




Energy cascades

Dynamics of the modes : In general very complicated
But not for the extremal modes :

N, = {(0,£2P), (£2P,0), (£2P, £2P), (F2°, +2°), p € N}



Energy cascade

i0;u = —Au + eXul?u.

Theorem (Carles & Faou 2010)

Let u%(x,y) =1+ 2cosx +2cosy. Then

1
Vv €]0,1[, VO < 7 Va >0, 3Feo, Ve €]0,e0],

' 2 >57
Y\ ammEn )| 2 a0

Se fi ing ti t 2 2 ]
uence or Increasin mmest, = ——5—— — —, — OQ.
q & J T ey e M

Compare with the case with potential (or dimension 1) :

6
1
weMHM<aQ%€>,

luj(t)| <e, t<e".



Energy cascade
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Simulating energy cascades
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Computation with an explicit splitting algorithm
Ak = T|k|?, 7= 0.1, grid 128 x 128.



Simulating energy cascades
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Computation with an implicit-explicit splitting algorithm
7 =0.1, grid 128 x 128.



Simulating energy cascades
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Computation with an implicit-explicit splitting algorithm
7 =0.05, grid 128 x 128.



Simulating energy cascades

Explanation : for implicit-explicit schemes, Backward error

analysis :
£ Nikem _
H, = g M|y 2+ = E ./\.17UjukUgum+O(€2u6).
2 e!Nkem — 1
jeBK JHk=0+m+5K

0=0,%1
Nikem = Aj + Ak — Ap — Am with
A« = 2arctan(7|k|?).
Implicit midpoint propagator in Fourier

1+itlk|?/2

m = eXp(2iarCtan(T|k‘2)).

Implicit schemes cannot reproduce the correct energy exchanges...



Plane wave stability

i0su = —Au+ Nulu

Initial data localized around the (0,0) mode
uO(x,y) = m +e(2cos(x) + 2 cos(y))
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Plane wave stability

Ot = —Au+ NulPu, (u) = / u(x)dx
Td

Theorem (Faou, Gauckler & Lubich 2011)
Let r be fixed. For generic p such that

1+2X\p° >0,

for s > sy, if

HU(O)”LZ =P and Huo — <UO>HH5 =e< €0,

then
lu(t) — <u(t)>]|HS <2 for t< Ce "




Conclusions

@ Numerical simulation of resonant system can lead to strong
instabilities (times step, number of grid points).

@ The linear frequencies have to be carefully approximated (no
implicit solvers, low CFL).

@ Main tool : backward error analysis for PDE under CFL.

@ Many open problems for the continuous case and the
numerical approximations.

Numerical simulations are helpful for numerical analysis and
for the search of new nonlinear phenomena.



