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example

m design of concert hall
m model walls as tiny springs
m springs react to excess pressure

m bounded domain O C R?

m boundary I' = 0Q)

m u velocity potential

m ¢ infinitesimal normal displ. of T’
a [ not moving!
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Acoustic boundary conditions ﬂ(“'

introduced in [Beale, Rosencrans '74]
mu:[0,T]xQ—R
mo:[0,T]xI' >R

wave equation with acoustic b.c.

u and ¢ are governed by:

02u = c?Au in Q
mo2é 4 ké 4 dé = —pdru onT
00 = oyU onT

+ initial conditions for u, d;u, 9, 90
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introduced in [Beale, Rosencrans '74]
mu:[0,T]xQ—R
mo:[0,T]xI' >R

wave equation with acoustic b.c.

u and ¢ are governed by:

02u = c?Au in Q
mo2é 4 ké 4 dé = —pdru onT
00 = oyU onT

+ initial conditions for u, d;u, 9, 90

a related to Wentzell boundary condition
[Gal, Goldstein, Goldstein '03]
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Acoustic boundary conditions ﬂ(“'

introduced in [Beale, Rosencrans '74]
mu:[0,T]xQ—R
mo:[0,T]xI' >R

wave equation with acoustic b.c.

u and ¢ are governed by:

0?u = c2Au in Q)
mo2é 4 ké 4 dé = —pdru onT
00 = oyU onT

+ initial conditions for u, d;u, 9, 90

a related to Wentzell boundary condition
[Gal, Goldstein, Goldstein '03]

a dynamic boundary condition
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Boundary conditions for the wave equation AT
m energies of u
kinetic KE(u)= / 2 ow? dx
T2 a2

N
potential PE(u)= 5 / IVul? dx
JQO)

[G.R. Goldstein '06] for details
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Boundary conditions for the wave equation AT
m energies of u
kinetic 2/ S lowf? dx 4 //\\E),u\ do

potential  PE(u)— 7/ IVul? dx +1 / k|ul? do
T2 Ja 2 Jr

[G.R. Goldstein '06] for details
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Boundary conditions for the wave equation AT
m energies of u
kinetic 2/ S lowf? dx 4 //\\a,u\ do
potential PE(’u):E/QWu\ dx +§4/rk\u\ do

m minimizing action functional S(u) = fOT KE(u) — PE(u)dt

02u = c?Au in Q)
Oyu = —Ad%u — ku onT

[G.R. Goldstein '06] for details
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Boundary conditions for the wave equation AT
m energies of u
kinetic 2/ S lowf? dx 4 //\\a,u\ do
potential PE(’u):E/QWu\ dx +§4/rk\u\ do

m minimizing action functional S(u) = fOT KE(u) — PE(u)dt

02u = c?Au in Q)
Oyu = —Ad%u — ku onT

m kinetic boundary conditions

[G.R. Goldstein '06] for details
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Boundary conditions for the wave equation AT
m energies of u
kinetic 2/ ERTER //\\a,u\ do
potential PE(’u):E/QWu\ dx +§4/rk\u\ do

m minimizing action functional S(u) = fOT KE(u) — PE(u)dt

02u = c?Au in Q)
Oyu = —Ad%u — ku onT

m kinetic boundary conditions
@ Robin and Neumann b.c. are contained

[G.R. Goldstein '06] for details
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Boundary conditions for the wave equation

m energies of u

. . . 1 1 2 17 2
kinetic KE (u)= é,/Q? 10l dx +§/FA|a,u\ do
, ' 1 7
potential  PE(u)— 1/ IVul? dx 4l / k|ul? do
2 Jo 2.Jr
m minimizing action functional S(u) = fOT KE(u) — PE(u)dt

02u = c?Au in Q)
dyu= —Aatu— onT

kinetic boundary conditions
Robin and Neumann b.c. are contained
dynamic boundary condition for A > 0

[G.R. Goldstein '06] for details
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Comparison of different boundary conditions AT

Neumann m kinetic acoustic

d,u=0 du+u=0 du+ku=—d,u 926+ki=—dwu
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Analysis |

Karlsruhe Institute of Technology

well-posedness of wave equation
Pu=Au inQ  + ic.

with Neumann b.c. with acoustic b.c.

u=0 onT 026 + ki = —dowu onT
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Analysis | ﬂ(“.

Karlsruhe Institute of

well-posedness of wave equation
Pu=Au inQ  + ic.
with Neumann b.c. with acoustic b.c.
u=0 onT 026 + ki = —dowu onT

as 1st order evolution equation

dita(t):Aa(t) + e
with operator
u u
- 10 1| |u S Au S u
Al = [A o} M At = 5t =15
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Analysis Il AT

m (energy) Hilbert space
H = HMQ) x L2(Q) < [2(T) x L2(T) = H

21 2 2 17 2 2 L2
U]y = §/Q|VU| + |ut| dx+§ /Fk\d\ + [0t do = ||T]|%
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Analysis Il AT

a (energy) Hilbert space
H= H(Q) x L2(Q)x[2(T) x L3(T') = H

21 2 2 17 2 2 L2
U]y = §/Q|VU| + |ut| dx+§ /Fk\d\ + [0t do = ||T]|%

m domain of operator
D(A)={le H|Aue [3(Q), uy € H(Q), o,u=00nT}
D(A) ={UeH|Auc [2(Q), ur € H'(Q), d,u=donT}
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Analysis Il AT

a (energy) Hilbert space
H= H(Q) x L2(Q)x[2(T) x L3(T') = H
918 = 5 [ V0P +uf® dxrg [ K10+ |62 do = (a5,
a domain of operator
D(A)={le H|Aue [3(Q), uy € H(Q), o,u=00nT}
D(A) ={UeH|Auc [2(Q), ur € H'(Q), d,u=donT}

Theorem ([Beale '76, Thm. 2.1])

m A closed, densely defined and skewadjoint in H
]

d _ - -
?tu(t) = Au(t), U(0) =tg € D(A)
is well-posed and ||t||,, = const.
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Numerical discretization

method of lines

‘&
a
—

1. spatial discretization
2. numerical time integration of stiff ODE
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te of Technology

method of lines

1. spatial discretization
2. numerical time integration of stiff ODE

m difficulty: discretization of H1(Q) = H'(Q)/R
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Numerical discretization ﬂ(“'

method of lines

1. spatial discretization
2. numerical time integration of stiff ODE

m difficulty: discretization of H1(Q) = H'(Q)/R
m solution: choose H = H'(Q) x L2(Q) x L2(T) x L2(T)

=112 2 =112
a3 = [ 1o dx+ T,
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Numerical discretization ﬂ(“'

method of lines

1. spatial discretization
2. numerical time integration of stiff ODE

m difficulty: discretization of H1(Q) = H'(Q)/R
® solution: choose H = H'(Q) x L2(Q) x L?(T) x L2(T)
a3 = [ 1o dx+ T,
a A: H D D(A) — H not skewadjoint, but
vi(A-31)v) <0, VveDUA
((a-2)9), =0 seota

Corollary

A: D(A) — H is the infinitesimal generator of a Cy-semigroup
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Variational formulation

Green’s formula: Au € L2(Q), vi € H'(Q), 9,u = &;
(V] Al),, = (v]u)y g+ (vi|Au)gq
+ (ki [0t)or — (e | yur + ké)o 1
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Variational formulation

Green’s formula: Au € L2(Q), vi € H'(Q), 9,u = &;
(V] Al),, = (v]u)y g+ (vi|Au)gq
+ (ki [0t)or — (e | yur + ké)o 1
=(lu)a— (Vvi|Vu)ga+ (rveldt)or
+ (kn | dt)or — (mt | yur + ké)or =: s(v,U)

D. Hipp, M. Hochbruck - Numerical solution of the wave equation with acoustic boundary conditions



Variational formulation ﬂ(“.

Green’s formula: Au € L2(Q), vi € H'(Q), 9,u = &;
(V] AT),, = (vIu)y g+ (vi|Au)g g
+ (ki [8t)o,r — (mt [ yut + k)
=(lu)a— (Vvi|Vu)ga+ (rveldt)or
+ (kn | dt)or — (mt | yur + ké)or =: s(v,U)
m s: VYV xV — R bilinear form on
V= H'(Q) x H'(Q) x L3(T) x L3(T)
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Variational formulation ﬂ(“.

Green’s formula: Au € L2(Q), vi € H'(Q), 9,u = &;
(V] Al),, = (v]u)y g+ (vi|Au)gq
+ (ki [0t)or — (e | yur + ké)o 1
=(lu)a— (Vvi|Vu)ga+ (rveldt)or
+ (kn | dt)or — (mt | yur + ké)or =: s(v,U)
m s: VYV xV — R bilinear form on

YV =H'(Q) x H(Q) x L3(T) x L3(T) D D(A)

m s(V,V) < ||[V||5, forallve V
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Variational formulation ﬂ(".

Green’s formula: Au € L2(Q), vi € H'(Q), 9,u = &;
(v ] AT),, = (v )y 0+ (] U)o
+ (ki [8t)o,r — (mt [ yut + k)
=(lut)yq— (Vvi|Vu)g o+ (yvi|dt)or
+ (ki [0t)o,r — (e[ yur + kd)o =: s(v,0)
m s: V xV — R bilinear form on
YV =H'"(Q) x H'(Q) x L2(T') x L3(T) > D(A)

m s(V,V) < ||[V||5, forallve V
variational problem

(v\ d%U(t))H —s(V,U(t)) VeV  +ic

8 D. Hipp, M. Hochbruck - Numerical solution of the wave equation with acoustic boundary conditions



Spatial discretization

m V2 C H'(Q)and V] C L2(T) finite dim. subspaces with (V{?) C Vi
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Spatial discretization ﬂ(“'

m V2 C H'(Q)and V] C L2(T) finite dim. subspaces with (V{?) C Vi
m construction
Vh=VEx VEx VExVEcy
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Spatial discretization ﬂ(“'

m V2 C H'(Q)and V] C L2(T) finite dim. subspaces with (V{?) C Vi
m construction

Vh= V2 x VEEx VEx VI cy
semidiscrete problem
find Up: [0, T] — Vp s.t.

(Vh | %nh(t))ﬂ =s(Vn, Un(t))  YVhE€VH  +ic.inVy
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Spatial discretization ﬂ(“'

m V2 C H'(Q)and V] C L2(T) finite dim. subspaces with (V{?) C Vi
m construction

V=V x VEx VEx VEcCy
semidiscrete problem
find Up: [0, T] — Vp s.t.

(_’h | %ah(t)>ﬂ = s(Vn Tp(t)) YV € Vp + i.c.in vy

finite element spaces

m 7 regular triangulation of Q)
® V£ = pcw. linear FEs over 7y,
» Vp =7 (V7))
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Convergence FE-semidiscretization | AT

1. split error with orthogonal projection Pp: H — Vy

é=0Up—U= (Uh—PhU)—i-(PhU—U) =8éh+ép

(Ppli— 0| Vp),, = 0forall Vs € Vy
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Convergence FE-semidiscretization |

1. split error with orthogonal projection Pp: H — Vy
é=0Up—U= (Uh—PhU) + (PhU—D) =8éh+ép
2. equation for &, € Vy,
> | dz = | dz dz
Y —e) :< ‘—e + 5 )
(h‘dthH hla®h T di®P ),
—(v. !l _ 1@ )
= <(up—u
< h‘ dt( h ) «
= S(_'h, Uh — U)
= S(_'h, _éh) + S(Vh, _éfp), YV, € Vy

(Ppli— 0| Vp),, = 0forall Vs € Vy
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Convergence FE-semidiscretization |

1. split error with orthogonal projection Pp: H — Vy
é=0Up—U= (Uh—PhU) + (PhU—U) =8éh+ép

2. equation for &, € Vy,

d=z _
(Vh‘ dteh>7-[ -

&l
[}
>
+
2la
15
hv]
N———
x

>

o S oo
>
|
S
S~—

|
n O —~ —
:_l
£fa
—
cl
>
|
cl
SN—
~——

h) +8(Vn &),  YVhEVh
3. set Vh = éh

1d
>dr I8nll3, = $(8n. 8n) + S(8n 8p) < Cll8nll3 + s(&n &p)

(Ppli— 0| Vp),, = 0forall Vs € Vy
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Convergence FE-semidiscretization Il

4. with Pp-properties and standard FE approximation results
|5(8n.8p)| <Cl&nl5 + C (IIPo.ote = utll§ o+ IPrau—ullf o)
- 12 A
<Cl&ll3 + C(|utlpq . lulp0)H?

C and C independent of h
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Convergence FE-semidiscretization Il

4. with Pp-properties and standard FE approximation results
|5(8n.8p)| <Cl&nl5 + C (IIPo.ote = utll§ o+ IPrau—ullf o)
- 12 A
<Cl&ll3 + C(|utlpq . lulp0)H?

C and C independent of h

5. then
1d

5dr 18nll3, < Cl8nl5, + CH
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Convergence FE-semidiscretization Il

4. with Pp-properties and standard FE approximation results
|5(8n.8p)| <Cl&nl5 + C (IIPo.ote = utll§ o+ IPrau—ullf o)
- 12 A
<Cl&ll3 + C(|utlpq . lulp0)H?

C and C independent of h

5. then
1d

2 dt |
6. apply Gronwall’s lemma

8nll3, < C18nll5 + CH?

1€n(t)ll5 < Ch
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Convergence FE-semidiscretization Il

4. with Pp-properties and standard FE approximation results
|5(8n.8p)| <Cl&nl5 + C (IIPo.ote = utll§ o+ IPrau—ullf o)
- 12 A
<Cl&ll3 + C(|utlpq . lulp0)H?

C and C independent of h

5. then
1d

2 dt |
6. apply Gronwall’s lemma

8nll3, < C18nll5 + CH?

1€n(t)ll5 < Ch

7. consider full error

161113 < lIEn(D)ll3 + l1€p(D)ll5, < Ch
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Convergence FE-semidiscretization AT

Theorem (H., Hochbruck 2015)

aeLwQQﬂJ#«nxH%Q)meijwm)
ur € L2([o, T); HZ(Q))

then |Tn(t) — U(t)|l, < Ch, te[0,T]
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Convergence FE-semidiscretization AT

Theorem (H., Hochbruck 2015)

e L°°([o, T} H2(Q) x H'(Q) x H'(T) x H! (r))

ur € L2([o, T); HZ(Q))

then |Tn(t) — U(t)|l, < Ch, te[0,T]
—
1 | |
. —— ||&nll%
01L - ot |]
0.01 0.1

mesh parameter h
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Comment on time integration ﬂ(“'

method of lines gives stiff problem

%Mhu(t) — spu(t)

with exact solution

u(t) = exp (tM,;1S,,> u0), t>0
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u(t) = exp (tM,;1S,,> u0), t>0

options for approximation of u(t) are
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Comment on time integration

method of lines gives stiff problem

%Mhu(t) — spu(t)

with exact solution
u(t) = exp (tM,;1S,,> u(0),

options for approximation of u(t) are
1. polynomial approximation

m explicit time stepping schemes
m direct approximation in Krylov subspaces
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Comment on time integration ﬂ(“'

method of lines gives stiff problem

d

dchU(t) = ShU(l’)

with exact solution
u(t) = exp (tM,;1S,,> u(0), t>0

options for approximation of u(t) are
1. polynomial approximation

m explicit time stepping schemes
m direct approximation in Krylov subspaces

2. rational approximation

a implicit time stepping schemes
m direct approximation with rational Krylov methods
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Comment on time integration ﬂ(“'

method of lines gives stiff problem

d

dchU(t) = ShU(l’)

with exact solution
u(t) = exp (tM,;1S,,> u(0), t>0

options for approximation of u(t) are
1. polynomial approximation

m explicit time stepping schemes
m direct approximation in Krylov subspaces

2. rational approximation

a implicit time stepping schemes
m direct approximation with rational Krylov methods

3. combinations of both
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Outlook

m evolution equation as boundary conditions, e.g.

0?u = c2Au in Q)
025 + crAré = —dru onT
0¢0 = dyu onT

m non-linear boundary conditions and coupling
m splitting methods for domain and boundary part
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